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Abstract

Undoubtedly, constraint-based reasoning owes a large portion of its success to
the effort that has been spent on the development of global constraints. This paper
enhances a state of the art formalization of soft constraints by a notion of global
constraints. As a result, formalizations common to the constraint satisfaction com-
munity are able to concern specifications of algorithms which are specialized on
the propagation of certain global constraints. It turns out, that — on constraint-
based optimization — parts of the constraint satisfaction community and people
that develop and apply constraint programming tools to real world applications
use quite different notions of constraint propagation.

This paper introduces a formalization (and examples) for propagating fuzzy
global constraints in a reduced but practicable fashion. This shallow kind of prop-
agation is compared to constraint propagation which is common in formalizations
like valued CSP or semi-ring-based constraint optimization referring to backtrack-
ing search and the fixed point of propagation.

Keywords: constraint-based optimization, fuzzy constraints, global constraints,
constraint propagation.

1 Introduction

Most of the success of constraint-based reasoning in real world application comes from
the development of global constraints éonstraint logic programming (CLP)For

this reason, Mark Wallace’s challenging talk on ECAI'00 recommended researchers
on constraint satisfaction to drop commonly accepted limitations of CSPs — namely
concerning the constraints. Driven by real world experiences, this paper tries to fol-
low this advice since the criticized research community can answer with important
results: During the past decade, extensions to the well knoewistraint satisfac-

tion problem (CSPYxoncerning also soft constraints led to expressive and declara-
tive formalisms for the representation of optimization problems. Especially valued
CSPs (VCSPJSchiexet al, 1995 and semi-ring-based constraint problems (SCSP)
[Bistarelli et al, 1999 have to be mentioned in this conteistarelli et al., 1996,
Bistarelliet al,, 1997.

This paper tries to bridge this gap between CSP and CLP in the following man-
ner. The next section presents a state-of-the-art formalization of soft constraints that
is based on ideas from VCSP and SCSP. As a tribute to the practice in CLP, this for-
malization concerns also constraint types as a representation for the applicability of
specialized algorithms for constraint propagation. Founded on this terminology, the



following section describes two methods for constraint propagatiarfect propa-
gation describes the idea on propagating soft constraints in extensions of the CSP.
Shallow propagatioris inspired by common practice in CLP that eases the develop-
ment of algorithms for the propagation of global constraints. This claim is illustrated
by some simple examples. The next section compares the fixed point of both kinds
of constraint propagation. The fixed point of constraint propagation is closely related
to arc-consistency, the traditional heart of research on constraint satisfaction. Finally,
concluding remarks sum up the results.

2 A Formalism for Global Constraints with Fuzzy Ex-
tensions

This section starts with a formalization of constraint optimization which follows the
state of the art in extending constraint satisfaction. This formalization is then used to
describe constraint types which are appropriate to represent applicability of specialized
algorithms for constraint propagation.

Some notes on the notation in advance: Throughout the pApdenotes a set of
variables,D a set of values used as a domain @hd set of constraintsDX denotes
the set of variable/value-paifsc — d |z € X,d € D} representing the set of all
assignments of values from to the variables inX. Let A € DX, thenA | X'is
the projection ofd on the variablest N X’ andA | x with z € X denotes the value
assigned by to variablez.

2.1 Representation of Optimization by Constraints

Optimization in general may be characterized as finding an assignment to variables that
causes minimal costs regarding a set of objective functions. Thus, beside variables,
values, and objective functions, general optimization problems consist of a valuation
structure that (1) defines the valuations which form the range of the objective functions,
(2) provides an ordering of valuations in order to distinguish better from worse valu-
ations, i.e. smaller from larger valuations, and (3) defines a binary operation to join
valuations from different objectives into a unique objective function.

Def. 1 A valuation structureS = (E, -, @) consists of a set ofaluationsE, a (not
necessarily totalpreference ordering of valuations, and a binary operatioh on £/
called conjunction(or additive operation), where 8z € E exists with the following
properties: (1) All other valuations are larger than; due to>. (2) Conjunction®
is associative, commutative, and closed ©n (3) 0z is neutral concernings, i.e.
Ve e E:e®0g =e. (4) Foralle,e;,es € E, monotony conditior; = e; —
(e1 @ e) = (ex @ e) holds true. O

Cor. 1.1 From monotony and; = Og followse; @ es = e forall e;, e € E. ]

This definition describes quite intuitive demands. The neutral element is the valua-
tion of a perfect solution fulfilling all demands at no costs. Monotony guarantees that



putting the same penalty on two solutions does not reverse preference. The following
corollaries present some valuation structures which are quite similar to some examples
given by SchieXSchiexet al, 1999.

Cor. 1.2 The structureS™ = ({T, F'}, A, /») — whereT and F' are the Boolean truth
values denotes Boolean conjunction agfedthe negated implication — is a valuation
structure withOy -y = T'. F' /> T is the only way to satisfy the negated implication.
Thus, 4 is a total ordering of the Boolean truth values withas minimal element.
T and F' correspond to classical two-valued logics. This structure is also calied
chotomic valuation a

Cor. 1.3 The structureS* = (R}, +, >) — the set of positive real numbers including
the 0 combined with addition and ordered by the natural ordering — is a valuation
structure WIthOR+ = 0. This valuation structure is obviously especially appropri-
ate to the task of adding cosfifreuder and Wallace, 1992 Additionally, S™&* =

([0; 1], max, >) is a second valuation structure on real numbers that relates closely to
fuzzy set§Duboiset al, 1999. O

Cor. 1.4 If the Sy = (Eo, @0, >0); .- -, 90 = (Epn, ®n, =y) are valuation structures
then so is the lexicographic combinatitix(So, ..., S,) = (Eg X ... X E,, ®, >) of
these structures where

(€0y .., en)Blep, ... eh) = (eo®oep, - - 6n@n - E;'tnd(eo7 coyen) = (ehy ... eh)
is true iff ans exists withD < i < n ande; »1 e; ande; = e forall jwith0 < j < 4.
These structures are closely related to constramt hlerarchles including inter-hierarchy
comparisor] Wilson and Borning, 1999 |

Defining optimization with such valuations is straight forward.

Def. 2 A tupleP = (X, D, C,S) defines aconstraint optimization problem (COP)
iff X is a set of variablesD is a set of values callethitial domain S = (E, >, ®)
is a valuation structure, and’ is a set of locally defined objectives of the fotm=
(Xe, 0e) € C which are calledsoft constraints X, C X is called the set ofocal
variables . € (DX — E) is thecharacteristic functionf constraintc’s extension.

An assignmeni to the local variables of constraintis called to satisfy the con-
straint iff p.(A) = 0g. Otherwise A is called to violate the constraint.

An assignmentd with values fromD to all variables inX is a solution toP iff
Vr(A) = @ x. pycclpe(A L X,)]is minimal due to-.

Two problemsP; and P, are equivalentiff for all assignmentsA;, 4, € DX:
Vpl (Al) 1 V7>1 (Ag) iff Vp2 (Al) 92 Vp2 (AQ). O

This is a very general notion of optimization. Def. 2 covers all problems that con-
cern minimization of partially ordered valuations by a series of objective functions.
Nevertheless, the soft constraints in COPs according to Def. 2 are quite similar to hard
constraints in standard CSP regarding their structure. They are defined by a set of local
variables and an extension. The only difference is that their extension is a fuzzy set
rather than a crisp set of assignments to the local variables where the membership of



each tuple is represented by a valuation. Thus, an assigntnendX< may be consid-
ered as a.(A)-member of the fuzzy extension of constraint (X, ¢.). However,
in contrast to the standard notion of fuzzy sgtadeh, 1978 this membership is not
necessarily required to be a number. Several other notions of — also only partially
ordered — memberships are conceivable.

A constraint optimization problem behaves like a standard CSP if the characteristic
functions have a two-valued range — e.g. the dichotomic valuaiomf Corollary
1.2. On such problems, characteristic function only distinguish exactly one degree of
constraint violation.

Cor. 2.1 ACOPofthe formP = (X, D, C, S™) has exactly that assignments of values
from D to the variables inX as solutions that satisfy all constraints @ as long as
such assignments exist. ]

Thus, hard constraints may be viewed as soft constraints using the valu&tions
(satisfaction) and (violation). Vice versa, it is often useful to weaken a hard con-
straintc = (X,, ¢.) whose extension is represented by a characteristic fungtiar

rangeS”. A function fg . € ({T, F} — E) mapping? to 0 andF' to another valu-

atione is appropriate to adapt constrairto another valuation structufe= (E, ®, >)

using a constraintX., fr . o ¢.) instead. Parametercan be considered as a mea-
sure for the relative importance of the constraint describing the impact of violating the
constraint on the quality of a solution.

2.2 Using Constraint Types

Constraint-based reasoning owes a large portion of its success to systems like CHIP
[Dincbaset al, 1989 and ILOG Solver{Puget, 199%that integrate powerful infer-
ences on global constraints into backtracking algorittitalel, 1989. Because of the
well-founded semantics of hard constraibtdackworth, 1992, PROLOG-like lan-
guages denote constraints by built-in predicates. Constraint propagation is used to im-
prove unificatioDiaz and Codognet, 1998f these predicates. When using soft con-
straints, the situation is a bit more complex. Fages presented a characterization of opti-
mization within constraint logic programmi§ageset al., 1994. However, this char-
acterization makes a distinction between objective functions and predicates/constraints.
Predicates and constraints are dichotomic. As usual in standard predicate logics, pred-
icates have a crisp set of models. Thus, constraints in CLP are restricted to have a crisp
extension. This means: All constraints use the dichotomic valuation.

In contrast to standard CLP, the previous section allows constraints to produce non-
dichotomic valuations. Constraint optimization problems represent also objective func-
tions directly by constraints. Def. 2 of constraint optimization problems suggests to
use propagation algorithms on soft constraints analogously to the use of constraint li-
braries in standard CLP. The class of constraints that can be implemented by the same
propagation algorithms is often referred to@mstraint type As mentioned above,
in CLP this is usually a built-in predicate. The following section gives a more gen-
eral algebraic definition of a constraint type as a funcfiothat maps variables and a
parameter to the characteristic function of an extension.



Def. 3 A constraint typausing domainD and valuations fron¥ is a function® that

maps a parametes and a sequence of constraint variables, ..., z,) to a char-
acteristic function on assignments to the variablgsto x,,: ®(o, (z1,...,z,)) €
(D{-”JI»---J«‘n} — L E).

A constraint languagg is a set of constraint types. o

A constraint language according to 3 is used to ease representation of constraints
in optimization problems. The following definition declares constraint definitions to
define soft constraints according to a constraint type. Constraint definitions of this
kind have the advantages that (1) occasionally very complex constraints can be defined
easily by use of templates from a constraint language and that (2) like in CLP the
main building blocks of the problem representation — the constraints — relate directly
to constraint types which typically define applicability of procedures for constraint
propagation.

Def. 4 Atuplec = (®,0,z1,...,x,) IS aconstraint definitiorusing constraint type
®, iff @ is a constraint type that maps parameteand the variablegz,, ..., z,) toa
characteristic functiorp = ®(o, (x1,...,2n)).

The constrainZ(c) = ({x1,...,2,}, ) is called theinterpretationof constraint
definitionc. a

Constraint definitions are building blocks of another form to state constraint opti-
mization problems.

Def.5 AtupleP = (X, D,C, S, L) is aconstraint optimization problem using con-
straint languageC (£-COP) iff X is a set of variablesD is a set of valuesS =
(E,®,>) is a valuation structure, and’ is a set of constraint definitions with
Z(c) = (X., p.) and the following holds true for the interpretation af X. C X

andy,. € (DXc — E)

The interpretation of is the COPZ(P) = (X, D,{Z(c) | c € C}, S).
The solutions of are exactly the solutions of its interpretati@iiP). O

To figure out the benefits of constraint types, the remainder of this section presents
some examples for constraint types which form the backbone of a real world ap-
plication described elsewhef®leyer auf’m Hofe, 1997, Meyer auf’m Hofe, 2001,
Meyer auf’'m Hofe, 2000k Nurse rostering. The following constraint types are essen-
tial to these problems.

Several papers on constraint satisfaction focus on crisp and binary constraints since
all of these constraints can be propagated testing at [iv$tssignments to the local
variabled. A single constraint typ&, may be used to capture all binary constraints
using the parametersit € D1*1.%2} to provide the extension of the constraint and
e € E to represent the valuation resulting from violating the constraint. The resulting
characteristic functio®, ((E, e, ext), (z1, x2)) may be subdivided int¢g . o 2. Let
A be an assignment to the local variablgsand x%. Then,ps(A) = T iff A € eat and

1Propagation of functional dependencies as in the A®ah Hentenryclet al, 1994 is a subclass of
P, that can be propagated enumerating D|) assignments to the local variables.



p2(A) = F otherwise. Functiorfg . is used as in section 2.1 to weaken the binary
constraint described by, according to the parametefsand the relative importance
of the constraine € E. fg .(T) = 0g andfg o(F) = e.

The second constraint tygde,;;..: iS a simple example for a crisp global constraint
that is appropriate to constrain the cardinality of some values in assignments to the local
variables. Parametere (D — R™) maps each value from the domain to a penalty to
be counted in assignments. Paramétera lower bound on the sum of these penalties.
Again, parameterg and a relative importaneec F are used to weaken the constraint.
For an arbitrary number of variableB,j...: ((F, e, 1, b), (x1, . . ., x,)) defines a char-
acteristic functionfe g © atieast With @aseast(A) = T iff b < Y7 w(A | ).
Otherwise, the result i8'.

Analogously, a constraint typ@ ,;....: is defined for the same parameters where
q)atmost(<E767//‘ab>7 <.’L‘1, . 7xn>) = fe,E © Patmost with (patmost(A) =Tiff b >
S w(A | x;). Both constraints are one-dimensional simplifications of the global
cardinality constrainiRégin, 1998.

The concluding constraint type,, .. is an example for a fuzzy, non-dichotomic
extension that uses valuations exc&pand F'. Parameters are again a functionre
(D — R*) returning a number for each value of doméin|In contrast toP ,4e,s: and
D imost this constraint requires the sum of these numbers to approximate a certain goal
sumg € R*. Thus,® upprox ((Fs, 11y 9), (T15 -+ 7)) = f5 © Papproz WNEIEPY ppron
returns a real number as valuation accordingAg;,rox (A) = |g — > i, (A | x;)].
Functionfs is used to adapt this extension to valuatiéhs: (F, ®, >) besideR. This
function is required to be monotonic, i.e. for ally € R with « > y follows fs(z) >
fs(y). This property is later on needed by the procedure for efficient propagation.

3 Propagation of Soft Constraint

The purpose of propagating hard constraints is to iaferiori unknown constraints
which are implied by the constraint problem. In most applications, the inferred con-
straints affect only one variable directly. Thus, constraint propagation is used to achieve
a kind ofinvers consistencjFreuder and Elfe, 1996, Verfailliet al., 1999 between
the constraints from a sét and an assignment of domains of the fadn= {x; —
Dy,...,z, — D,} where theD, are subsets of the initial domai. For all of the
various forms of consistency, the implied constraints& D; are implied by the con-
junction of the constraints if, or, in other wordsC' U | J;—_,[z; € D;] is logically
equivalent taC.

Propagation of soft constraints from a COP shall be a generalization of propagating
hard constraints. In contrast to the consistent domains derived from hard constraints,
consistent domains in COP are equivalent to soft constraints.

Def. 6 AsetA = {z1 <« p1,...,2, < u,} is calledconsistent domain assignment
toa COPP = (X, D, C, S) with S = (E, ®, ) of valuationV4(A) = B, [ (A |
x)]iffxy,.. . 2y € X, p1,..., 00 € (D — E),andVp & V4 = Vp holds true for
all labelingsA € DX.



The domain assignment’ , that assigns domaip with (d) = 0z for all values
d € D to all variables inX, is calledinitial domain assignment |

Please note, that the representation of domains by assignments allows reuse of no-
tations on projection{...,z «— u,...} | z = p.

Definition 6 provides a notion of implication by soft constraints that extends impli-
cation of hard constraints.

Cor. 6.1 AssumethaP 4 = (X, D,Cy4, S)isthe COP wittC 4 = CUUJ, [{({:}, pi) }]
that results from adding the constraints from a domain assignidetiot?. Then, ob-
viously, Vp, (4) = Vp(A) @ Va(A). Iff Ais a consistent domain assignment then
Vp, (A) =V4(A). O

Consistent domain assignments provide additionally an optimistic estimate of the
best valuation that can be achieved assigning a certain value to a certain variable (cf.
the Ax-heuristic[Nilsson, 1983).

Cor.6.21f A ={ ..,z < pu,...}Iis aconsistent domain assignment, thefd |
x) @ Vp(A) = Vp(A) = pu(A | ) holds true for all assignmentsd of values to the
variables (according to Corollary 1.1).

O

This section concentrates on procedures for propagating single constraints that
guarantee to produce consistent domain assignment® following sections present
two examples for such procedures where the first one is derived from literature on ex-
tensions to constraint satisfaction whereas the second procedure is inspired by practice
in constraint logic programming.

3.1 Constraint Propagation a la Constraint Satisfaction: Perfect
Propagation

In the tradition of constraint satisfaction, constraint propagation is often viewed as a
two-step procedure, where a step “combination” collects all assignments to a subset
of variables that comply with the extension of the currently propagated constraint as
well as with the currently known domain assignment. The second step “projection”
then generates a new domain assignment that is used for either propagating the next
constraint or as final result. The well-known min-max-procedi®esenfeldet al.,

1976, Snow and Freuder, 199§eneralizes the combination to the valuation structure
Smax from Corollary 1.3: For each assignment to the local variables of the constraints,
the maximum valuation by the constraint and the domain assignments is recorded.
Finally, the resulting domain assignment maps a valuation to each value that is the
minimum of all maximums that have been computed to labelings assigning the value
in question. The maximum corresponds to conjunction: A value has to comply with the
propagated explicit constraiahd with the currently known implicit constraints which

2| evels of consistency which are stronger than the fixed point of propagation — for instance path invers
consistency or neighborhood invers consistency — can be achieved analogously to the procedure with hard
constraintd Verfaillie et al, 1999 using the propagation procedures as described in this section.



are represented by the domain assignment. Analogously, the minimum corresponds
to a disjunction. Unfortunately, valuation structures according to Def. 1 allow also
partial preference orderings. So, the minimum is not guaranteed to be unique. Semi-
ring-based constraints provide a solution to this problem: The preference ordering is
thought to be defined by a multiplication operation.

Def.7 S = (E,®,®, =) is an extended valuation structure extending valuation struc-
ture (E, @, ) iff (1) ® is associative, commutative, and closed Bnand (2) for
all e;,eq,e € FE the following monotony conditions hold trues; = es implies
(e1 ®e) = (e2 ® e) and alwayse; > (e; ® e2). ® is then calleddisjunction (or
multiplication). ]

Cor. 7.1 Forall e,e1,es € E: e1 = ez implies(e; ® e2) = ea. 05 is, thus, absorbing
element ofv. Idempotency of, i.e. (e ® e) = e, follows frome = e. Furthermore,
(ePer)@(ePer) = (eP(e1®e2)) @ (ed (1 ®ez)) =ed (€1 ® ea). O

Cor. 7.2 If (E, &, >) is a valuation structure ang is total ordering onE then(W, &, min,_, >
) is an extended valuation structure with the minimuim. according to ordering-

as disjunction. The valuation structures of the corollaries 1.2 to 1.3 use total prefer-
ence orderings and lexicographic valuations of Corollary 1.4 are totally ordered if all
combined valuation structures are so. ad

The availability of extended valuation structures enables the use of disjunction in
constraint propagation. So, the min-max-procedure can be generalized as follows.

Def. 8 Let .4 be a domain assignment to all variables of a C®P= (X, D, C,S)

with § = (E,®,®, =) extendingS. Then, functionpprop mapping a constraint

¢ = (X.,pc) and one domain assignment to another domain assignmenpé&-a

fect propagationff (1) for all = ¢ X.: (pprop(c, A) | =) = A | x, and (2) for all

€ Xe,d € D: (pprop(c, A) | 2)(d) = @ e pxe ajo—ale(A) & Varx, (A)].
Notations:

pprop(c) = pprop(c, A%).
pprop(c1, ca) = pprop(cy, pprop(ce)) and so on.
O

Propagation does only affect the domains which are assigned to the local variables
of the constraint. Expressiofpprop(c, A) | z)(d) denotes the valuation that the
domain of variabler assigns after propagation to valde This valuation reflects the
valuation of the best assignmentto the local variables that is valuated by.(A)
according to the currently propagated constraint an®f pyx . (A) due to the currently
assigned domains. If the dichotomic valuation structure is used, perfect propagation
rules out all values without a supporting assignment to the local variables casting a
valuationF'. This is exactly like propagation in standard CSP. Perfect propagation has
additionally the following characteristics which are well known from VCSP and SCSP.

Thm. 9 Assume CORP = (X, D,C,S) whereS = (E,®,®, ) extendsS. If ¢
is idempotent. Themnpprop(ci,...,cn) iS @ consistent domain assignment for all
c1, ..., cm € Cand all disjunctionsg.



Proof: Assumption 1: If domain assignmefitis consistent and is a constraint,
then pprop(c,.A) is consistent for any assignmeAt Proof: For any assignment
concludesV4(A) & Vypprop(e,a)(A) X Vp(A) @ (A | Xe) & Vax, (A) 2P
(Vp(A) ® (A | Xe)) ® Varx.(A) @ Va) 2B Vp(A) @ Va(A) =W Vp(A).

The first inference concludes from the definition of propagation. The second exploits
monotony and associativity of conjunction. The third uses idempotency, and the final
conclusion is justified by consistency .4f SinceVp(A) & pprop(c, A) > Vp(A)
concludes from monotonyp (A) & pprop(c, A) = Vp(A).

Assumption 2: The theorem follows from assumption 1. Proof by recursion over
the propagated constraints. ]

On a first glance, Thm. 9 does not seem to be too valuable since it requires the
used conjunction to be idempotent. This precondition avoids situations in which the
same conflict is counted twice. Fortunately, non-idempotent valuation structures can
be translated efficiently into idempotent ones without changing the nature of the con-
straint problem to be solved. The following definition describes a method for gener-
ating idempotent valuation structures by the addition of bookmarking information that
separates valuations referring to different constraints.

Thm. 10 LetP = (X, D, C,S) be a COP with valuation structur8 = (E, ®, >)
where- is a total ordering andZ“ denotes assignments of valuations to constraints.
Furthermore, 18t ,in, Umax fepresent two binary operations dif” with (e; Upines) |

¢ = miny {e; | ¢,ea | ¢} and(e1 Umax €2) | ¢ = maxy.{e1 | ¢,es | ¢} where
e1,eo € E¢ andc € C. Additionally, -’ is the partial ordering withe, >~ e, iff
Deccler L e = B cclea | c]. Then

(1) 8" = (E€, Unax, Umin, =') is an extended valuation structure with idempotent
conjunctionUsy .-

(2) P = (X,D,C", 5" with C" = {{X¢, feowe) | ¢ = (Xe, ) € C} — where

f. converts a valuation fron to an assignment fron with f.(e) | ¢ = e and
fe(e) | ¢ =0g forall ¢ € C with ¢ # ¢—is equivalent té.

Proof: Assumption (1) follows straight from the definitions. Assumption (2): Both
problems are equivalent since for each equivalei, f. o ¢.) in P’ of a constraint
(Xc, pe) in P, only constraintc gets a valuation larger tha g assigned. This is
exactly the valuation according tp.. ]

This transformation turns a problem with a non-idempotent conjunction and a to-
tally ordered preference into a problem with an idempotent conjunction and a partially
ordered preference. More complex transformations can deal with partially orderings as
preferenc& Thus, the applicability of Thm. 9 can be extended at the cost of introduc-
ing a much larger set of valuations that is only partially ordered by the preference.

Consequently, this section introduced a formalization of a generally applicable
method for constraint propagation that roughly follows the idea of soft constraints in

3The idea is to store for each constraint a set of valuations. The conjunction collects all maximal val-
uations. The disjunction collects all minimal valuations. Preference is according to the conjunction of the
disjunction of valuations to each constraint. More complex transformation that record conflicts for combina-
tions of conflicting constraints may even be used to implement assumptiontbatbeghaintenance systems
(TMS)as COP$Meyer auf’'m Hofe, 2000



VCSP and SCSP. The major characteristic of this kind of propagation is that not only
the explicit constraints from the problem description but also all inferred constraints —
which are represented by consistent domain assignments — are soft constraints. Thus,
this notion of constraint propagation is very accurate since all information is used that
is available from the domain assignments. This property is the justification for calling
this method of propagation perfect. However, perfect propagation always implies the
problem of combining valuations from the propagated constraints and from derived
information which are both soft. A later section will turn out, that this problem dis-
ables many algorithms which are used in state of the art CLP applications to implement
global constraints. For the moment, this brief remark shall suffice to motivate another
variant of constraint propagation that follows the practice in CLP.

3.2 Adopting Ideas From Constraint Logic Programming: Shal-
low Propagation

Constraint logic programming is typically based on backtracking algorithmbitiech-
and-bound (BB)The algorithm completes a partial assignment assigning values to yet
unlabeled variables. A domain assignment records consistency with this partial assign-
ment. Valuations of the domain assignment can be used to assign the most promising
values first and to neglect values which do not promise improvements of an upper
bound on the valuations of acceptable solutions.

Algorithm 1 BB(P = (X, D,C, S),3, A, A)

if A labels all varghen return A, end if
. A’ «— (), choose a not yet labelede X
: forall d € D with A | z(d) % B do
A — AL (X\{z}) Uz — pg.a}.
Increase all valuations casted By by Vp (A U {z — d}).
A" «— BBEPRORP, 3, AU {z «— d}, prop(B,).
if A” #£0 then A’ — A" 3« Vp(A”)endif.
end for.
return A’
Assume: Conjunction is idempoteptis an upper bound on the valuation of acceptable solutichand.A

are initially empty.ug 4(d) = O andug 4(d") = Bforall d’ # d. This function describes a domain after
assigning valuel. prop is the function that propagates at least the constraints witts local variables.

CcoNoRRhRWNE

Algorithm 1 presents a simple version of the BB that uses constraint propagation
in order to obtain a domain assignmefitreflecting consequences of the current par-
tial assignmentd U {z <« d}. This domain assignment is used to keep the search tree
small since only that values are concerned for branching in line 3 that promise solutions
better than boun@. The perfect propagation of the previous section is appropriate to
implement propagatioprop in the algorithm. However, this section presents another
kind of shallow propagatiorthat enables use of propagation algorithms which are spe-
cialized on certain types of constraints. As the examples of the next section will show,
many of these algorithms cannot deal with soft domains like this is demanded by the
perfect propagation. Several propagation procedures can only distinguish between val-
ues that can be a part of a solution or which have been pruned by previous inferences.

10



Algorithm BB uses boung to make this distinction. Analogously, shallow propaga-
tion receives a bound as an argument to distinguish admissible from non-admissible
values.

Def. 11 Let A be a domain assignment to all variables of a COP= (X, D, C, S)

with § = (E,®,®, =) extendingS. Then, functionsprop mapping a boun@ € E, a
constraintc = (X,, ¢.), and a domain assignment to another domain assignment is a
shallow propagatioiff

(1) forallz & X.: (sprop(B,¢c, A) | ) = A | z,and

(2)forallz € X.,d € D: (sprop(B,c, A) | z)(d) =

Alz)(d) o |8 & [oc(A)]

AeDXc Alz=d,V4(A)¥3
Additional notations:

sprop(B, ) = sprop(B, ¢, A”).
5]77’0])(6, C1, 82) = 5]77’0])(6, C1, SpT'Op(ﬂ, 02))'
sprop(B1, 1, B2, c2) = sprop(fh, c1, sprop(Pa, c2)) and so on.

O

Thus, shallow propagation increases the valuation of domain assignments by the
best valuation that can be achieved referring to admissible values. Admissible values
have a valuation below boungl Referring to global constraints, the most remarkable
property of this definition is that, in contrast to the perfect propagation, the disjunc-
tion covers only valuations of the characteristic function. The implementation of this
disjunction causes the complexity of constraint propagation.

The rest of this section proves some interesting characteristics of shallow propaga-
tion.

Thm. 12 For all constraintsc = (X, ¢.), all domain assignmentgl, all upper
boundsg of valuations casted byl and the characteristic function ef and all values
d € D: (pprop(c, A) | z)(d) = (sprop(8,¢c, A) | x)(d). This implies that shallow
propagation of consistent domain assignments is also consistent.

Proof: ®AQDXcﬁAlm:d[<pc(A) ®Vax, (A)] =) ®A€Dxc7Alw:d[§0c(A) ® (Al
2)(d) ® Vayxa 2y (D] =P @ ucpxe ajpmavaaypslec(d) @ (A | z)(d)] =)
(A | 2)(d)BQ acpxe Alr—ava(ayyslPe(4)]. Inference (1) simply separates parts of
the valuation. Inference (2) drops some parts of the disjunction which would result into
a valuation larger than3. Additionally, this inference makes all disjunctions smaller.
Finally, inference (3) uses Corollary 7.1. O

Thm. 12 ensures also a not yet proven property of the perfect propagation: Both
kinds of propagation infer indeed stronger constraints than they get as arguments.

Cor. 12.1 Obviously, all valuations casted by the result of shallow propagation are
larger or equal than the valuations casted by the consistent domain assignment of the
argument. Thm. 12 ensures that this is also true for the perfect propagation. O
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Additionally, the following theorem shows that both, perfect and shallow propa-
gation, produce the same result if used in conjunction with a dichotomic valuation
structure, the emulation of a standard CSP. Thus, the theorem justifies the idea that
both propagation procedures are generalizations of constraint propagation in CSPs.

Thm. 13 Assume COPs of the forf = (X, D, C, S™).
Then,pprop(c, A) = sprop(F, ¢, A) for all constraintsc € C and domain assignments
A.

Proof: Assume that = (X, ¢.). The following is to be shown for all variables
z € Xcandvaluesd € D1\ ycpxe ajp—ale(A) A Varx (A) = (A | 2)(A |
) AV aepxe Alz—dyaa)=T[Pc(A)]. Assume first, that an admissible assignmént
with V4, x.(A) = T does exist. Then, both propagations result intd.aOtherwise,
both result intoF". m]

Thus, this section instroduced a second kind of propagation that produces con-
sistent domain assignments. Back to Algorithm 1, this shallow kind of propagation
is also appropriate to implement propagatjofep. In contrast to the perfect propa-
gation, shallow propagation requires the current bodras an additional argument.
While backtracking search, shallow propagation adds the best valuations to the domain
assignments, that is justified by a still admissible assignment to the local variables of a
constraint. The next section turns out, that efficient constraint types are much easier to
implement for shallow propagation than for perfect propagation.

3.3 Variants of Constraint Propagation and Constraint Types

Propagation procedures for special constraint types usually follow the basic idea of
constraint propagation in AC{Freuder, 1995 If an assignment of a value to a vari-
able is not yet proven to be consistent then look for a support of this assignment ex-
tending it to an assignment to all local variables. Specialized algorithms can exploit
known properties of the constraint types. Thus, search for a support can be guided
by knowledge on the extension of the propagated constraints. Unfortunately, most of
these strategies work only with shallow propagation, since perfect propagation takes
also all valuations casted by the provided domain assignment into account. This sec-
tion points out the differences between shallow and perfect propagation providing very
simple algorithms for shallow propagation of the constraint typgg ..: and® ,proz

(cf. Section 2.2).

A constraint definitiore = (® 41east, (E, €, 11, b), x1, . .., x,) requires an assign-
mentA to the local variables to obserbe< > | (A | z;) to be satisfied. Shallow
propagationsprop(8,Z(c),.A) can use any assignment to the local variables in order
to generate support as long as the valuation of this assignment is not larger than the
bounds. The characteristic functions produced by this constraint type suggest to use
the admissible assignments with maximahs support for an assignmenyt — d. If
even the help of the assignments with maximaloes not suffice to get a sum above
b thenz; < d is guaranteed to be without any support and the domain assignment
resulting from propagation has to cast a valuatidn| =;)(d) & e.
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Algorithm 2 sprop et (85 (E, e,y bY, 21, ..., Tp)

: forall i from 1 ton do

bR — max{p(d) | A | z;)(d) # 5}.

. end for

bR — 7 b,

. for all 7 from 1ton andd € D do

if p(d) +b%2* — bPa* < b then A | x;)(d) «+ A | x;)(d) @ e endif.
. end for

: return A

Shallow propagation of these constraints (cf. Alg. 2) ne@ds - |D|) queries to
domain assignmend. This number can be considered as a good measure for the com-
plexity of the algorithm. Line 2 determines the values which can serve as support.
In contrast to shallow propagation, the perfect propagation requires a support that is
optimized with respect to the valuations casted by the domain assignment as well as
with reference to the characteristic function of the currently propagated constraint. Im-
plementions of the search for such a support are not that simple and probably not that
efficient.

Constraint definition® .oz, (f, 14, 9), %1, - - - , ) IS @an example of a constraint
of a fuzzy extension: The sum of results franis preferred to come as near as possible
to g. The algorithm for shallow propagation of these constraints (cf. Alg. 3) is an
extension of thatleastpropagation: Instead of only acquiring support of a maximal
sum ofus, this algorithm records also support for a minimal sum&fThe procedure
increases the valuation of a value if either the maximal support is smaller thap goal
or the minimal support is larger than

Algorlthm 3 5pr0papproz(6? <f7 K, g>7 L1, 71771)
. for all i from 1ton do )
g — max{u(d) | A | ;)(d) # B} gi*" — min{u(d) | A | z;)(d) ¥ B}
end for
. for all 7 from 1ton andd € D do ) ) )
gE — pu(d) — g TP g gEit — p(d) — g T g,
if ga* < g then A | z;)(d) «— A | z;)(d) ® f(|lg — g2**|) endif.
if g™ > g then A | z;)(d) — A | x;)(d) ® f(lg™ — g|) endif.
end for
return A

CoNOTRONE

The complexity of this algorithm is equal to tlafleastpropagation:O(n - |D|).
This example shows, that strategies for optimized support by fuzzy extensions can be
quite simple as long as propagation is not required to take also valuations into account
that are casted by the current domain assignment.

4 The Fixed Point of Propagation

The previous sections addressed only one of the standard algorithms which are usually
used in conjunction with constraint processing: Backtracking search. This section
adds some notes concerning the fixed point of propagation. This paper concentrates
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on the fixed point of constraint propagation and refrains from defining a kind of arc-
consistency for COPs although both issues are closely related.

Thm. 14 Both, perfect and shallow propagation have a unique fixed point, i.e. propa-
gation of any fair sequence of constraints of infinite length results into the same domain
assignment (which is probably different for perfect and for shallow propagation).

Proof: This is rather an overview over the proof: Assume two sequences, c,
andd,,...,c, of constraints, whose propagation ends up with a fixed point. Any fur-

ther propagation of a constraint fails to change the domain assignment. Furthermore,
both kinds of propagations return a domain assignment casting larger valuations if they

receive a domain assignment that casts larger valuations.pB@p(c,,...,c1) =
Pprop(Cry, - -+, €15 Cns oy C1) 2= pprop(ry, - .-, ¢1) andsprop(B, cn, . . ., c1) =
sprop(B,¢h,, ..., en, ... c1) = sprop(B,cl,,...,cy). The other direction can be

proved analogously. Hence, both fixed points are equal.
O

However, since perfect propagation leads to stronger results (cf. Thm. 12), the
fixed point of perfect propagation is likely to represent stronger inferences than the
fixed point of the shallow propagation. Thm. 13 presented the exception of dichotomic
valuations, where both kinds of propagation are equivalent. Thus, in this situation also
their fixed points are equal.

Thm. 14 justifies the introduction of new notations to denote the unique fixed point
of propagating constraints from sét with pprop(C) or sprop(8, C), respectively.
Since the shallow propagation has a bound as second argument, an additional expres-
sion sprop(f1, C1, B2, C2) is useful to denote computution of a fixed point of propa-
gating constraints frord’; with bounds; on the fixed point of propagating constraints
from C5 with boundg,.

For the most prominent kind of soft constraints in the context of arc-consistency
— prioritized or flexible constrainttRosenfelcet al, 1976, Snow and Freuder, 1990,
Duboiset al., 1993 — it is possible to compute the fixed point of perfect propagation
by an algorithm using shallow propagation. In the terminology of this paper, these
problems can be seen as COPs using valuation stru§tét& from Cor. 1.3 and soft
but crisp constraints. As pointed out in Section 2.1, such a constraint assigns the same
valuation to all assignments that violate the constraint. Assumeethat... < e,
is the sequence of valuations that can result from violating a single constraint. The
setC of all constraints can be grouped into the constraint 6gts..,C,, in such a
way thatc € C is also inC; iff ¢ returns a valuation larger or equal thgnon con-
straint violations. Consequentlyg;, is equal toC. Then, the following holds true:
pprop(C) = sprop(e1,Cy, ..., en, Cy) . The following text presents rather an expla-
nation of this claim than a proof since this has been proven elsevieger auf’m
Hofe, 20008.

sprop(e1,Ch, ..., e, Cy) describes a procedure that computes subsequently the
fixed point of shallow propagation on a growing set of constraints with a decreasing
bound.sprop(e,, C,,) assigns valuation,, to all assignments «— d which are incon-
sistent with the constraints iff,,. All these assignments will be neglected by further
propagations with smaller bound. Thugyop(e,—1,Crn_1, en, Cy,) assigns valuation
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en—1 to all assignments < d that are consistent with constraint €&t but inconsis-
tent with superse€’,,_1, and so on. Finallysprop(e1,Ch,...,e,, Cy) leaves valua-
tion O to all the assignments that comply with all constra{tits= C' whereas:; gets
assigned to alk < d that comply withC, but violateC,. This is exactly the effect
that results frompprop(C'). However, the procedure using shallow propagation may
propagate global constraints efficiently.

5 Conclusion

The following contributions of this paper try to bridge the gaps between optimization in
constraint logic programming (CLRndconstraint satisfaction (CSPZonstraint op-
timization problems (COR)rovide a formalization of soft constraints that is compara-
ble to the state of the art in constraint satisfaction: Valued [S8Riexet al, 1999 and
semi-ring-based CSBistarelliet al., 1999. COPs know additionally about constraint
types that serve as representations for the applicability of specialized algorithms for
constraint propagation. Perfect and shallow propagation exemplify two distinguished
views on how to propagate soft constraints. Shallow propagation eases the develop-
ment of algorithms for the propagation of global constraints. This has been illustrated
by simple examples from a commercially available system on nurse rostétiger
auf’m Hofe, 2000¢. Finally, it has been shown that both kinds of propagation have a
unique fixed point. On special problems, shallow propagation can be used to emulate
the results of perfect propagation.

The relation of perfect and shallow propagation has also been investigated in related
work with respect to constraint problems whose constraint graph is a hypéMieger
auf’m Hofe, 2000h

In conclusion, this paper may be seen as a first step to integrate results from the
field of CLP into research on constraint satisfaction. However, research on CLP has
also some things to learn from extensions of the CSP — for instance the foundations
of programming in multi-valued logics.
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