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Abstract

Someexperimentson randomlygeneratedpartialconstraintsatisfactionproblemsaswell as
an examplefrom the domainof real world nurserosteringillustratethe advantageof the cycle-
cutsetmethodasarepairstepin iterativesearch.Theseresultsmotivatetheintegrationof adopted
algorithmson solvingtree-structuredconstraintproblemsandthecycle-cutsetmethodinto mod-
ernconstraint-basedoptimizationwith branch-and-boundandpropagationof globalconstraints.

1 Motivation

TheGWI Groupis thenumbertwo provider of integratedsoftwarefor hospitalsin Germany. Process
managementin hospitalsrequiresthegenerationof severalschedulesfor instanceon nurserostering,
transportof patients,andcoordinationof diagnosisprocesses.The availability of new therapiesin
combinationwith increasingcostpressuremotivatesfurtheroptimizationsof theseschedulesby intel-
ligent optimizationsystems.TheGWI-SIEDA GmbHpioneeredthisapproachby thedevelopmentof
a constraint-basednurserosteringsystemthatis usedin agrowing numberof hospitals[Meyer auf’m
Hofe,1997,Meyer auf’m Hofe,2000,Meyer auf’m Hofe,1999].

All theseapplicationsrequiretheuseof genericalgorithmsthatwork on declarativeandeasilymain-
tainableproblemrepresentationssincetheexactschedulingproblemdifferstypically from hospitalto
hospital. Thus,theabove citedsystemusesvery generalmethods:Extendedpartial constraint sat-
isfactionproblems(PCSP)[FreuderandWallace,1992] areusedto representthe rosteringproblem.
An iterativesearchwhereabranch-and-boundalgorithmextendedby constraintpropagationconducts
improvementstepsis usedto producerosters.Soft constraintsin combinationwith iterative search
allows on-line modificationof the problemspecification. Additionally, iterative searchconverges
quickly on rostersof sufficientquality.

Refer to Fig. 1 for a small andsimpleexample. This figure presentsa simplified roster. Eachcell
is labeledby a shift that is eithera early-morningshift (MS), a late shift (LS), a night shift (NS), a
longerday-turn(DT), or anidle shift (-). Thecorrespondingconstraintproblemcontainsa constraint
variablefor eachcell in the roster. Theavailabletypesof shifts form thedomainof thesevariables.
Constraintsconcerneithershift assignmentswithin the samerow of the roster, e.g. dueto working

1



1 MOTIVATION

-
DT

MS

MS
-

- -

MS

MS
MS MS DT DT - DT

LS

NS

DT

MS

-
LS

DT
LS

MS

MS
DT

NS

MS

-
NS

NSNSNS
MS

DT
LSMS

NS
DT

MS - NS - -
MS MS MS MS -

- - MS MS LS LS - DT - DT
- LS LS - - MS MS LS

LS LS - LS - -
- - LS LS LS - LS LS LS

NSNS - - NS NS NS NS - - MS MS LS

MS

LS
LS

nurse #1
nurse #2
nurse #3
nurse #4
nurse #5
nurse #6
nurse #7

Th Fr Sa Su Mo Tu We Th Fr Sa Su Mo Tu We
1 2 3 4 5 6 7 8 9 10 11 12 13 14

Figure1: A rosteranda subproblemrepresentinga repair step.

Algorithm 1 ITERATIVEIMPROVEMENT(
���������
	��
�������������������

)
1: Computeaninitial assignment� to all variablesin �! 
2: loop
3: Set �#"%$&�('*)+� to holda region where � possiblyis suboptimaland ��' formsa tree-structuredsubproblem.
4: if �#"-,/. then break, end if
5: Generatean entry 0�1%2436570
8:9�; <>= ?
@ for each <BA>� " $C� ' and ?DABE that holds all conflicts with�6FG�IHKJL�#"
$���'NM .
6: If BRANCHANDBOUND( OQPSRUTWVWJL�6F�JL�IHKJL�#"
$���'NMXM�PY�6F�JL�IHKJL�#"
$&�('NM�P��#"ZP���'WPW0[1%2�3\5:0S8]9 ) leadsto an

improvedsolutionthenassignthis improvementto � .
7: end loop
8: return �

time restrictionsandcompatibility of consecutive shifts. Or constraintsrefer to all shifts within a
columnof therosterto ensurea minimal crew at thewardandto statepreferenceson largerstandard
crews [Meyer auf’m Hofe,1997].

Thenurserosteringsystemusesan iterative searchaccordingto Algorithm 1. An initial assignment
to all variablesis generatedin line 1. The loop from line 2 to 7 performsimprovementsteps.These
stepsstartwith a heuristicdetectionof a part

�_^a`C�+b
of the currentroster c that is consideredto

beresponsiblefor somedeficienciesof c (line 3). Fig. 1 presentsa subproblemby grey shadedcells
thatcanresultfrom a heuristicto split thechainof night shiftsof nurseNo. 1. Thischainis too long.
Line 5 preparesanexhaustivesearchfor betterassignmentsto thevariablesin

� ^ `+� b
of thechosen

subproblem.A call to a branch-and-boundprocedurecompletestheimprovementstepin line 6.

As mentionedabove, Fig. 1 presentsan examplefor a subproblem
� ^ `d�+b

thatmaybe chosenin
order to repaira highly relevant deficiency of a schedule.As mentionedabove, all constraintsare
eitherorientedalongthe rows or thecolumnsin the roster. As it will be shown later, the constraint
graphof thissubproblemis ahypertree.Thisobservationmotivatesafurtherinvestigationof efficient
proceduresfor solving tree-structuredconstraintproblems[Freuder, 1982,Freuder, 1990,Dechteret
al., 1990,FreuderandWallace,1992]. As aconsequence,thispaperaddressesopportunitiesto extend
branch-and-boundsearchby thecycle-cutsetmethod[DechterandPearl,1987,Dechter, 1990]. This
improvedbranch-and-boundis thenusedto performthetherepairstepin Algorithm1. For thisreason,
line 3 of Algorithm 1 returnstwo setsof variablesto indicateasubproblem:

��^
and

� b
. Thevariables

in
�eb

aresupposedto form a tree-structuredsubproblemthatcanbesolvedby efficient algorithms.
In contrast,

�_^
is thoughtto bea cutset:A setof variablesthatneedto have a certainvalueassigned

in orderto enabletheuseof efficientalgorithmsfor tree-structuredproblems.

This papersuggeststo applyefficient algorithmsfor specialconstraintproblems— for instanceof a
tree-likestructure— asa repairstepin iterative searchto solve realworld problemslike nurseros-
tering. Therefore,thenext sectionbriefly illustratespartialconstraintsatisfactionandtree-structured
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2 NURSEROSTERINGAS PARTIAL CONSTRAINTSATISFACTION

constraintproblemsaccompaniedwith the relevanceof thesedefinitionsfor nurserostering. Start-
ing with reformulationsof standardalgorithms,thenext two sectionsdevelopalgorithmsfor solving
k-treestructuredsubproblemsin realworld applications.Concludingremarkssumup theresults.

2 Nurse Rostering as Partial Constraint Satisfaction

Partial Constraint Satisfaction with Fuzzy Constraints

As it iswell known,constraintproblemsconsistof constraintvariablesandtheirdomainswhichis aset
of labelsthatcanbeassignedto thevariable.Constraintspostrestrictionson consistentassignments
of labelsto two or morevariables.Thestandardconstraintproblemis to assignlabelsto all variables
in sucha way that all constraintsaresatisfied.Thingsget a bit morecomplex on partial constraint
satisfactionwheresolutionsto aconstraintproblemareonly requiredto satisfytheconstraintsasgood
aspossible.Suchformsof constraintproblemsareappropriateto representall kindsof optimization
problems. This sectiondescribesa notion of partial constraintsatisfactionwith fuzzy constraints
[Meyer auf’m Hofe,2000] thatusesa partialorderingof fuzzysetsof constraintsto distinguishmore
from lessimportantconflicts. The standardPCSP[FreuderandWallace,1992] considerssoft but
crispconstraints,i.e. solutionsarenotnecessarilyrequiredto satisfyall constraintsbut all constraints
areeithercompletelysatisfiedor completelyviolated. In contrast,fuzzy constraintsmaybepartially
satisfiedby asolution.

Let f be the setof variables, g the domainof the variables,and h be the set of constraintsthat
describeconstraintproblemi . Eachconstraintjlk/h hasasetof local variablesm�n�oSp .
An assignmentto the variablesin set f_q is a setof labelings rYsut v+w�sxkxf_qzy
v{k|g~} . �&�#f_q q
selectsfrom � theassignmentsto thevariablesin f q q . Additionally, �&�#s denotesthevaluethat �
assignsto variable s .

A function � p+� ge���S�L��� ���W�-�
� mapsa degreeof constraintviolation to eachassignment� to the
local variablesmYn�o p . A � degreeof constraintviolationmeansthat � satisfiestheconstraintperfectly.
A � degreeof constraintviolation indicatesa completeviolation. Degreesbetweentheseextremes
representa partialviolation.

Sinceassignmentsmayviolateconstraintsto adegreefrom � to � , theconflictsof eachassignment�
canberepresentedby a fuzzy set �h/�X��� where � p �X���lm�n�o p � is themembershipof constraintj in this
set. This view makesit easyto sumup conflictsby useof fuzzy setunion hl����h��Q��h&� wherethe
membershipof constraintj to h � is themaximumof j ’smembershipto h � and h � .
Finally, a partial ordering � amongfuzzy setsof constraintsdescribeswhich conflictsaremoreim-
portantthanothers.A fuzzy setof constraintsh � is moreimportantthananotherfuzzy setof con-
straintsh�� if f hl���Uh�� . An assignment� is a solutionof constraintproblem i if f anassignment� q
with lessimportantconflicts— i.e. �h��X����� �h�����q:� — doesnotexist.

PCSPsaccordingto this definitionprovide a veryflexible formalismto representproblemslike nurse
rostering. Nurserosteringconcernsclassicalbinary constraints— for instanceto representcom-
patibility of consecutive shifts— aswell asglobal constraintswhich affect a large numberof local
variables.As anexamplefor suchconstraintsin nurserostering,considertheAPPROX constraintthat
is for instanceusedto preferattendanceof a standardcrew at thewardanda balancedworking time
account.The degreeof violating this constraintis definedwith respectto two parameters� andg,
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2 NURSEROSTERINGAS PARTIAL CONSTRAINTSATISFACTION

node/
constraint variable

arc/
constraint

leaf
node

root node/
constraint
variable

9

8

76

5
4

1

leaf node/
constraint variable

2

5
2

4

6

1

cutset

leaf
node

Figure2: Componentsof a tree-structuredconstraint network.

where ���Xva� mapsa weight to eachvaluein the domain g and � is a goal sumof this weights. The
degree �����  ¡�X��� of violation a constraintj of this typegrows with thedistancebetweenthegoalsum� andthesumof weightsof thevaluesthat � assignsto thelocal variables.

���%�  a�X����� w ��¢¤£|¥�¦�§�¨S©
ª�« ���XvN��w
w mYn¬o p w�­%®+n�¯°rY���Xva�Qw�vek�g/}

Let for instance� mapa1 to themorningshift anda0 to all othershifts.ThenanAPPROX constraint
is appropriateto statea preferenceon a standardcrew of 2 nursesduring themorningshift on day2
in Fig. 1. Theconstrainthasagoalsumof 2 andall constraintvariablesconcerningshiftson day2 as
local variables.Consequence:Thedegreeof constraintviolation grows with thedifferencebetween
thescheduledcrew sizeandthepreferredcrew sizeduringthetime periodof themorningshift.

Tree-structured Subproblems

Fig. 2 presentstheconstraintgraphof a constraintproblem. Thenodesin this graphrepresentvari-
ables. The hyper-arcsrepresentconstraintsbetweenthe connectedvariables. The tree-structured
subproblemconsistsof the numberednodesand constraints. The striped constraintdisturbsthe
tree-structureof the problemand the stripednodesrepresenta so-calledcutset: If thesevariables
are labeledwith unique valuesthen the striped constraintdegeneratesto a unary constraint. As
a consequence,the rest of the constraintproblem has a tree-structure[Dechterand Pearl, 1987,
Dechter, 1990].

A constraintgraphis plain if f two nodesareconnectedby atmostonehyper-arc.

In Fig. 2, the numbersof nodesrepresenta total ordering ± of the nodes.The width of a node s �
of theconstraint graphwith respectto a particular ordering ± is definedto bethenumberof nodes
s � with s � ± s � where s � and s � areconnectedby differentarcs(or constraints).Thewidth of the
constraint graphwith respectto a particular ordering ± is thelargestwidth of a node. ± is calledto
bethebestorderingin a particular constraint graph if f thewidth of theconstraintgraphwith respect
to ± is minimal. The width of a constraintgraph(in general)is the width with respectto the best
ordering[Freuder, 1982].

A constraintproblemwhoseconstraintgraphis of width 1 is calleda tree-structuredproblem. The
smallestnodeaccordingto ± is the root node.All nodeswhich arenot connectedto ± -largernodes
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3 CYCLE-CUTSETAND BRANCH-AND-BOUND
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Figure3: Constraintsconnectonly variableswithin thesamerowor thesamecolumn.Consequence:
Thesubproblem’sconstraint graphhastheformof a hyper-tree.

areleaf nodes.An ordering ± proving width 1 is alsocalledtree-orderingif for eachconstraintthe
local variablewhich is thesmallestdueto ± is connectedwith a smallervariable.

Fig. 2 presentssucha tree-structuredproblem. The numbersof the nodesindicatea tree-ordering.
Eachnodeis atmostconnectedwith onenodeof asmallerindex.

Consequently, a tree-ordering± canbe usedalsoin the nurserosteringapplicationto prove that a
subproblemhasa treestructure.Sinceeachcell in a rostercorrespondswith a constraintvariablein
the constraintproblem,Fig. 3 presentsa tree-orderingfor the subproblemof Fig. 1 numberingthe
nodesin theconstraintgraphfrom 1 (rootnode)to 21. Theconstraintsonarostereitherconnectcells
in thesamerow of aroster— maximalandminimalworkingtime,preferredworkingtime,constraints
on minimal restingtime,andsoon — or thesamecolumnof a roster— for eachrequiredshift typea
constrainton minimal andpreferredcrew size.Hence,all variablesreferringto cellsof thesamerow
or columnareconnectedby constraints.Thearrows in Fig. 3 point from eachconstraintvariable s �
to avariable s°� if f botharelocal to thesameconstraintand s²� ± s³� . Sinceat mostonearrow leaves
from the samevariable,thesubproblemhaswidth 1. This smallexampleshows that moreefficient
algorithmsfor solvingtree-structuredsubproblemsarealsorelevantto improvenurserosteringif they
arenotrestrictedto subproblemsof aplainconstraintgraph— in thenurserosteringapplicationmany
constraintsoverlapin morethanonevariable.

3 Cycle-Cutset and Branch-and-Bound

Thissectionintroducesanextensionof thebranch-and-boundwith cycle-cutsetthatis deriveddirectly
from the literature. Algorithm 2 presentsa versionof the branch-and-boundasit is referredby Al-
gorithm 1. The branch-and-boundreceivesasarguments:The constraintproblem i , the bound ´ ,
the bestyet found solution µ , the currentlyexploredassignment� , and the distance¶ , that is the
fuzzy setof constraintsreflecting � ’s constraintviolations. Furthermore,f q and fe· specifywhich
part of i hasto besearched.The variablesin f+· areknown to form a tree-structuredsubproblem.
Thebranch-and-boundhasto branchover thepossibleassignmentsto thevariablesin f q whereasthe
variablesin f+· will belabeledby aspecialalgorithm1.

Line 1 leadsto a backtrackingif the conflicts ¶ of the currently explored assignment� exceed
bound ´ . Then, line 2 determineswhetherthe branch-and-boundhas to perform a branchingor
not. If both f q and f · areempty, then � is a new solution. Hence,line 4 returnsthis new solution

1Theliteratureon cycle-cutsetassumesanalgorithmwhere ¸(¹ needsto becomputedfor any branchin thesearchtree.
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3 CYCLE-CUTSETAND BRANCH-AND-BOUND

Algorithm 2 BRANCHANDBOUND( iºy
´Gy»µ�y
¶�y
�#y
f q ySf+·Ky�¼
½�¾%¿�ÀÁ¼�ÂÁÃ )Ä
is the constraintproblem. Å is thebound: The fuzzy setof constraintsrepresentingthe conflictsof the

bestyet foundsolution Æ . Initially, theboundmapsfull membershipto all constraintsand Æ is theempty
set. Ç is thepartialassignmentdescribingthecurrentbranchof thesearchtreethatis initially theemptyset.È

is thefuzzysetof constraintsthatrepresentsknown conflictsconcludingfrom assignmentÇ . ¸#É is theset
of variablesto be labeled. ¸�¹�Êl¸ É³Ë¤Ì is a tree-structuredsubproblem. Í�Î%Ï�Ð\Ñ:ÍSÒ:Ó describesthe known
conflicts.Theresultof thealgorithmis a tuple ÔzÆ¡ÕzÅ³Ö representingeithertheold solutionor a new improved
one.

1: if not Å+× È then return ÔzÆNÕÁÅ³Ö , end if.
2: if ¸ É�Ë�Ì then
3: if ¸ ¹ Ë/Ì then
4: return ÔLÇQÕ È Ö .
5: else
6: return SOLVETREE(

Ä ÕLÅ²Õ È Õ�ÇGÕX¸ ¹ ÕSÍ�Î%Ï4Ð6Ñ7Í
Ò:Ó ) .
7: end if
8: else
9: Choosean ØlÙ�¸ É .

10: for all Ú�ÙlÛ with ÅÜ×�Í[Î%Ï�Ð\Ñ:ÍSÒ]Ó[Ý Ø�ÞxÚ do
11: for all ßàÙlá with ØlÙ�â
ãSä � do
12: Í�Î%Ï�Ð\Ñ:ÍSÒ:Ó²Þ PROPAGATION( ß
Õ�Å È\å Í[Î%Ï�Ð\Ñ:ÍSÒ:Ó�Ý Ø�ÞæÚ
çÁÕXÇ�è�éSØlÞxÚ�ê�ÕëÍ�Î%Ï�Ð\Ñ:ÍSÒ:Ó ), wherePropagationis oneof

theproceduresfor constraintpropagationdescribedbelow.
13: end for

14:
ÔzÆNÕXÅ³Ö°Þ BRANCHANDBOUND ì Ä ÕÁÅíÕ È\å Í[Î%Ï�Ð\Ñ:ÍSÒ:Ó�Ý Ø�ÞæÚ
çÁÕÇ+è�é
ØlÞxÚ�ê%ÕX¸ É
î é
Øïê�ÕX¸�¹WÕÍ[Î%Ï�Ð\Ñ:ÍSÒ]Óñð�ò

15: end for.
16: return ÔzÆNÕ�ÅóÖ .
17: end if

andits conflicts. If f+· representsa non-trivial tree-structuredsubproblem,line 6 callsAlgorithm 4
SOLVETREE to solve the remainingproblem. If f q is not empty, line 3 choosesa variableandthe
loop in line 10 loopsover all admissibleassignmentsto this variable. Then,line 12 callsconstraint
propagationto find out which conflictsariseon thenew assignmentsôtõv . Line 14 implementsthe
final stepin branching:A recursivecall of thebranch-and-boundincludingthenew assignmentanda
new distance.

This versionof the branch-and-boundusesconstraintpropagationto detectconflicts which con-
clude from the currently explored assignments.Array ¼
½�¾%¿�ÀÁ¼�ÂÁÃ storesfor eachassignmentto a
yet unlabeledvariablethe correspondingdetectedconflicts. Algorithm 3 presentsa genericproce-
durefor the propagationof fuzzy constraints:The min-max-propagation[Snow andFreuder, 1990,
Duboiset al., 1993]. This procedureloopsover all admissibleassignmentsto the local variablesof
theconstraint(line 4). For eachof these“tuples”, fuzzyset ÂXö%÷íø:ù¬úG½�¾%¿�ÀÁ¼�ÂÁÃ holdsthepropagatedcon-
straintwith a membershipaccordingto the tuple’s degreeof violating the constraint.Additionally,ÂXö%÷²ø7ù¬úG½�¾�¿(ÀÁ¼�ÂÁÃ is loadedwith theconflictsthathave beendetectedin advanceto eachof theassigned
values(line 7). After this procedure,ÂXö�÷íø:ù�úG½¬¾%¿�Àz¼-ÂÁÃ holds for eachconstraintthe maximaldegree
of constraintviolation thatfollows eitherfrom thepropagatedconstraintor thathasbeendetectedin
advancefor oneof theassignedvalues.Then,line 10collectsfor eachlabelingof asinglevariablethe
conflictsaccordingto thebesttuple �&q it appearsin. Finally, ¼
½�¾%¿�ÀÁ¼�ÂÁÃ is loadedwith thenewly de-
tectedconflicts.Providedthat � p canbecomputedefficiently, theeffort for themin-max-propagation
grows with wûg�w:ü ���S� � ü which is thenumberof tuples � q .
Algorithm 4 TREESOLVE finds optimal solutionsto tree-structuredproblemswith w h/w calls of al-
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3 CYCLE-CUTSETAND BRANCH-AND-BOUND

Algorithm 3 M INMAXPROPAGATION( j�y
´Gy»¶-y»�*y�¼
½�¾%¿�ÀÁ¼�ÂÁÃ )
ß is theconstraintto be propagated.Argument Ç�É is a partial assignmentthat maybe usedfor instanceto
describethebranchof a searchtree. Í[Î%Ï�Ð\Ñ:ÍSÒ:Ó�Ý ØÜÞýÚ
ç is a fuzzy setof constraintsthatholdstheconflicts
thatfollow from assigninglabel Ú to variableØ .

1: for all ØlÙ�âSãSä � and Ú�Ù#Û do
2: Add all constraintswith membershipþ to ÿ���Ó�Ò � Î%Ï�Ð\Ñ:ÍSÒ:ÓXÝ Ø!ÞæÚ
ç .
3: end for.
4: for all Ç É ÙlÛ������
	 composedof admissiblelabelingsdo
5: Set Ò���
���� � Î%Ï4Ð6Ñ7Í
Ò:Ó to bethefuzzy setmappingmembership� � ìLÇ É ð to constraintß .
6: for all Ø�Ù�â
ãSä � do
7: Ò���
���� � Î%Ï�Ð\Ñ:ÍSÒZÓ²Þ Ò���
���� � Î%Ï�Ð\Ñ:ÍSÒ:Ó å Í�Î%Ï4Ð6Ñ7Í
Ò:Ó[Ý Ø�ÞxÇ�É �GØ-ç .
8: end for.
9: for all Ø�Ù�â
ãSä � do

10: if ÿ���Ó4Ò � Î%Ï�Ð\Ñ:ÍSÒ]Ó[Ý Ç�É � é
ØïêëçW×�Ò���
���� � Î%Ï�Ð\Ñ:ÍSÒ]Ó then
11: ÿ���Ó4Ò � Î%Ï�Ð\Ñ:ÍSÒ]Ó[Ý Ç É � é
ØïêëçWÞ Ò���
���� � Î%Ï�Ð\Ñ:ÍSÒ:Ó .
12: end if.
13: end for.
14: end for.
15: for all ØlÙ�âSã
ä � and Ú�Ù#Û do Í[Î%Ï�Ð\Ñ:ÍSÒ:Ó�Ý ØlÞxÚ
çaÞ�ÿ���Ó�Ò � Î%Ï�Ð\Ñ:ÍSÒ:Ó[Ý Ø�ÞæÚ
ç end for.

A labeling ØCÞ>Ú is admissibleiff either ìLØ/Þ>Ú�ð&Ù/Ç or Ç doesnot assigna valueto variable Ø andÅÜ× È\å Í[Î%Ï�Ð\Ñ:ÍSÒ:Ó�Ý Ø�ÞxÚ
ç .

gorithmsfor constraintpropagation. For now assume,that PROPAGATE is synonymouswith the
max-min-propagationaccordingto Algorithm 3. The basicidea is to propagatethe conflicts from
the leave nodesto theroot node.ConsideragainFig. 2 asanexample.The loop over line 2 consid-
ersat first leaf node7. Algorithm 5 DIRECTEDPROP is calledto propagatethe constraintslinking
node7 asa root nodeof a subtreeto the branchesof the subtree.However, node7 is a leaf node
and,consequently, DIRECTEDPROP hasnothingto do. Thissituationchangeson node5 representing
variable s�� . After DIRECTEDPROP on this variable,the ¼
½�¾�¿(ÀÁ¼�ÂÁÃ of the labelsof variable s�� are
setaccordingto the bestopportunityto label the variabless � to s�� forming the subtreebelow s � .
It canbe shown that ¼
½�¾�¿(ÀÁ¼�ÂÁÃ���s � t v�� comprisesunderthesecircumstancesexactly the conflicts
of the optimal assignmentto the variablesin the subtreethat also assignsv to s � . The condition
for constraintpropagationin DIRECTEDPROP guaranteesthat constraintsof deepersubtreeswill be
consideredbeforeconstraintsof highersubtrees.

After leaving thepropagationphase,the loop startingat line 5 collectslabelingsto build anoptimal
solutionin thesamemannerasthebranch-and-boundalgorithm:Selecta new labelingfor a variable
accordingto theyetknown ¼»½�¾�¿�Àz¼-ÂÁÃ andpropagatetheconsequencesof thisnew labelingby thesame
constraintpropagationasit is usedin thebranch-and-boundto find new conflicts.

Hence,tree-structuredproblemscanbe solvedefficiently, if theconstraintgraphis plain andpropa-
gationof the constraintsis efficient. Academicpapersoftenconcentrateon binaryconstraintssince
theseconstraintsguaranteeanefficientmax-min-propagation.

Fig. 4 showstheeffectof introducingcycle-cutsetinto thebranch-and-bound(bb+cycle-cutset) and
of usingthisalgorithmfor stepsof repair(iterative cycle-cutset) comparedto thebranch-and-bound
with constraintpropagationbut without using TREESOLVE (bb). The diagramsshow an average
performanceonrandomlygeneratedPCSPsof aplainconstraintgraphandwith binaryandcrispcon-
straintsof low satisfiability. Theconstraintshave a randomlychosenweightandthepreference� is
definedaccordingto theweightsumof violatedconstraints[FreuderandWallace,1992]. Thecurves
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3 CYCLE-CUTSETAND BRANCH-AND-BOUND

Algorithm 4 TREESOLVE( iºy
´Gy»¶-y»�*ySf+·�y-¼»½�¾�¿�Àz¼-ÂÁÃ )
Let � be a tree-orderingon the variablesof the subproblem.Let áí¹ Þ éSß���� âSã
ä � Ê#¸�¹��� "!»ê be the
constraintsconnectingvariablesof the tree-structuredsubproblem,i.e. the setof constraintsoft he tree-
structuredsubproblem.

1: for all ØlÙ�¸ ¹ orderedby � startingwith thelargestvariabledo
2: DIRECTEDPROP( ØNÕzá ¹ ÕzÅ²Õ È ÕXÇQÕëÍ�Î%Ï�Ð\Ñ:ÍSÒ:Ó ).
3: end for.
4: if not Å+× then return Ô Ì ÕXÅóÖ , end if
5: for all ØlÙ�¸ orderedby � startingwith thesmallestvariable(rootnode)do
6: Choosea value Ú�ÙlÛ with minimal

È å Í[Î%Ï�Ð\Ñ:ÍSÒ]Ó[Ý Ø�ÞxÚ
ç .
7: for all ßKÙ á with Ø!Ù�âSã
ä � do PROPAGATION( ß
ÕZÅíÕ Èíå Í�Î%Ï�Ð\Ñ:ÍSÒ:Ó[Ý Ø�ÞæÚ
çÁÕñÇQÕSÍ[Î%Ï�Ð\Ñ:ÍSÒ:Ó ) end for.
8:

È Þ È\å Í�Î%Ï4Ð6Ñ7Í
Ò:Ó[Ý Ø�ÞxÚ
ç .
9: end for.

10: return ÔLÇQÕ È Ö .
Algorithm 5 DIRECTEDPROP( sWqSy
h�·ày
´Gy»¶-y»�*y�¼
½�¾�¿ ÀÁ¼�ÂÁÃ )
1: for all ß�Ùláí¹ whereØ É is minimal local variableof ß dueto � do
2: M INMAXPROPAGATION( ß
ÕZÅíÕ È Õ[ÇQÕSÍ[Î%Ï�Ð\Ñ:ÍSÒ:Ó ).
3: end for.
4: return Í�Î%Ï4Ð6Ñ7Í
Ò:Ó .

10 variables, 10 values in the domain, sat=0.05

150

300

0 400 800 1200 1600 2000/s

bb+cycle cutset

iterative cycle cutset

bb

13 constraints

200

400

0 2000 4000 6000 8000/s

iterative cycle cutset

bb+cycle cutset

bb

15 constraints

300

400

500

0 5000 10000 15000 20000 25000 30000/s

iterative cycle cutsetbb

bb+cycle cutset

20 constraints

Figure4: Thebasiceffectof cycle-cutsetasstepof repairwithin iterative improvement.

show thedecreasein theweightof constraintsviolatedby thebestyet foundsolutionover time. Di-
agrama) shows theperformanceon nearlytree-structuredproblems:All plain but connectedgraphs
with 10 nodesand9 arcsform a tree.As a consequence,bothalgorithmsusingcycle cutsetconverge
very quickly on the optimal solution. With increasingnumberof the constraints,the branch-and-
boundwith cycle-cutsetbecomesworsethanbranch-and-boundwithoutcycle-cutsetsincethesolved
problemsloosetheir tree-likestructure. In contrast,an iterative searchexploiting cycle-cutsetcon-
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4 SOLVING TREE-STRUCTUREDPROBLEMS WITH SHALLOW PROPAGATION

Algorithm 6 SHALLOWPROPAPPROX( j�yS´Qy»¶-y»�*y�¼
½�¾%¿�ÀÁ¼�ÂÁÃ )
As mentionedin the text, this constrainthasa goalsumg anda function # asa specialattribute thatmaps
eachvaluein Û toarealnumber. Let Ç beanassignmentto thelocalvariables.Then,Ç ’sdegreeof violating
theconstraintis definedasfollows:

��$�% &
ìLÇ�ð Ë � ')(+*-,
.�/10�2�354�#NìLÚ�ð��
� âSã
ä � �7698 ã;:�é;#NìLÚ�ð���Ú&Ù Û�ê

1: f <���=> Þ"? . #@<�A B> ÞC? .
2: for all ØlÙ�âSãSä � do
3: # <���=> ÞC# <���=> D 8�ãE:�é;#NìLÚ�ð���ØlÞæÚ is admissibleê .
4: #@<FA B> ÞG#@<FA B> D 8IHKJaé;#NìLÚ�ð���Ø�ÞxÚ is admissibleê .
5: end for.
6: for all ØlÙ�âSãSä � and Ø�ÞæÚ is admissibedo
7: #@<���=.�/10 ÞG#@<���=> (+8�ã;:�éE#¡ìLÚ É ð���ØlÞæÚ É is admissibleê D #¡ìLÚ�ð .
8: #@<FA B.�/10 ÞG#@<FA B> (L8IHKJaéE#NìLÚ É ð���Ø�Þ|Ú É is admissibleê D #NìLÚ�ð .
9: if # <���=.5/10NM ' then

10: Add ß with a degreeof
&�OP$RQPS
TU9VXWY ����� 	 Y Z <���= , $7[ 0�\K] Y 0�\^3`_�2 to Í�Î%Ï�Ð\Ñ:ÍSÒ:Ó[Ý Ø�ÞæÚ
ç .

11: else if # <FA B.5/10 �a' then

12: Add ß with a degreeof
$ QPb cU9VXW Od&Y ����� 	 Y Z <���= , $7[ 0 \ ] Y 0 \ 3`_�2 to Í�Î%Ï�Ð\Ñ:ÍSÒ:Ó[Ý Ø�ÞæÚ
ç .

13: end if.
14: end for.

vergesstill far morequickly on optimalsolutionsthanthebranch-and-bound.Apparently, especially
theintegrationinto iterativesearchmakescycle-cutsetareallyattractivemethodfor solvingconstraint
problems.

However, algorithmTREESOLVE is only applicableto subproblemsof a plain constraintgraph.Real
world problemsimply only in very rarecasesplain constraintgraphssincetheseapplicationsdepend
veryoftenonconstraintsof largearity (globalconstraints)thatoftenoverlapin morethanonevariable.
TheAPPROX constraintof section2 providesanexamplefor suchlargearity constraints.

4 Solving Tree-structured Problems with Shallow Propagation

Algorithm M INMAXPROPAGATION looks for optimal supportwith respectto the propagatedcon-
straintand previously recognizedconflicts. Both requirementsin combinationmakeit hardlypossi-
ble to implementthiskind of propagationefficiently for specialtypesof largearity constraints— but
efficient propagationof largearity constraintsis oneof thekey factorsfor thesuccessof constraint-
basedproblemsolving. Fortunately, algorithm2 BRANCHANDBOUND canmakeuseof a reduced
form of constraintpropagationthatdistinguishesonly admissiblefrom non-admissiblelabelings.A
labeling sCt v is calledto beadmissibleif f it is anelementof assignment� describingthecurrently
exploredbranchof thesearchtreeor s is ayetunlabeledvariableandthecurrentlyknown conflictsof
s�t v donotexceedthebound́ [Meyerauf’m Hofe,1999,Meyer auf’m Hofe,2000]. Thisshallow
propagationdeterminesconflictswith a constraintj accordingto possibleadmissibleassignmentsto
thelocal variablesof j . On theonehand,suchshallowpropagation is usefulto detectconflictsearly
in a kind of extendedforwardcheckingasperformedin line 12 of Algorithm 2. On theotherhand,
efficient algorithmscanbefoundfor many relevantconstraints.As anexampleconsiderAlgorithm 6
SHALLOWPROPAPPROX presentinga shallow propagationfor the constraintsof type APPROX that
hasbeendefinedin section2.

9



4 SOLVING TREE-STRUCTUREDPROBLEMS WITH SHALLOW PROPAGATION

Algorithm 7 DIRECTEDCLUSTERPROP( s q ySh�·KyS´Gy
¶�y
�#y-¼»½�¾�¿�Àz¼-ÂÁÃ )
1: á�É¬Þ|éSßKÙ#á ¹ ��Ø is minimal local variableof ß dueto �àê . ¸#É�ÞCe � 3gf \ âSã
ä � .
2: if á É�Ë/Ì then return Í�Î%Ï�Ð\Ñ:ÍSÒ:Ó , end if
3: for all ß�Ùlá ¹ do
4: if � ¸#É»Ê&âSã
ä � �h i! then
5: if Ø É is notminimal local variabledueto � then return Í�Î%Ï4Ð6Ñ7Í
Ò:Ó , end if
6: Add all variablesin âSã
ä � to ¸ É . Insert ß into á É .
7: end if
8: end for
9: for all Ú�ÙlÛ do Add all constraintswith membershipþ to ÿ��ëÓ4Ò � Î%Ï�Ð\Ñ:ÍSÒ:Ó�Ý Ø É ÞxÚ
ç . end for.

10: for all Ç�É¬Ù Ûkj \^l ,
. \ 2 of admissiblelabelingsdo
11: Initialize Ò���
���� � Î%Ï�Ð\Ñ:ÍSÒ:Ó to holdanemptysetfor eachØlÞxÚ with Ø�Ù�âSã
ä � î ¸ É andd ÙlÛ .
12: for all x Ù�¸ É and Ú�ÙlÛ do Ò���
���� � Î%Ï�Ð\Ñ:ÍSÒ]Ó[Ý Ø É ÞæÚ
çNÞ Ò���
���� � Î%Ï�Ð\Ñ:ÍSÒ:Ó[Ý Ø É ÞxÚ
ç å Í[Î%Ï�Ð\Ñ:ÍSÒ:Ó�Ý Ç É � é
Ø�ê�ç . end for.
13: for all ßKÙlá É do Ò���
���� � Î%Ï�Ð\Ñ:ÍSÒZÓíÞ SHALLOWPROP( ß
ÕZÅíÕ È ÕñÇ+è&Ç É Õ»Ò���
���� � Î%Ï4Ð6Ñ7Í�Ò:Ó ). end for
14: for all Ú&Ù Û do
15: if ÿ���Ó4Ò � Î%Ï�Ð\Ñ:ÍSÒ]Ó[Ý Ø�ÉNÞ|Ú
çW×ôÒ���
���� � Î%Ï4Ð6Ñ7Í
Ò:Ó[Ý ØïÉ¬Þ|Ú
ç then ÿ��ëÓ4Ò � Î%Ï�Ð\Ñ:ÍSÒ:ÓXÝ ØïÉ¡Þ|Ú
ç³ÞýÒ���
���� � Î%Ï�Ð\Ñ:ÍSÒ]ÓXÝ Ø�ÉNÞ|Ú
ç .

end if.
16: end for.
17: end for.
18: for all Ú&Ù Û do Í[Î%Ï�Ð\Ñ:ÍSÒ]Ó[Ý Ø É ÞæÚ
çNÞ ÿ���Ó4Ò � Î%Ï�Ð\Ñ:ÍSÒ:Ó�Ý Ø É Þ|Ú
ç end for.

Let � be the partial assignmentdescribingthe currently valid branchin the searchtree. � ’s de-
gree of violating a constraintof type APPROX is determinedaccordingto the distancebetween£ ¦�ª �4�
� � ���X�&�#s³� anda goal sum � . Algorithm 6 determinesthe conflicts for currentlyunlabeled
variablesby asimpleprocedurethatatfirst sumsuptheminimalsum ��monKpq andthemaximalsum ��m��9rq
of weightsresultingfrom � on admissiblevalues(in the loop startingat line 2). The secondloop
startingat line 6 usestheseresultsto determinefor eachadmissiblelabeling s t v the minimal
andmaximalsumof weights � monKp¦�§�¨ and � m��9r¦�§�¨ thatcanresultfrom extending s¤t v with admissible
labelings. A completesatisfactionof the constraintis consideredto be possibleif the goal sum �
lies betweenthesevalues.Otherwise,anoptimisticestimateon thedegreeof constraintviolation that
resultsfrom assigningv to s is computedfrom ��monKp¦�§�¨ or ��m��7r¦�§�¨ . The effort for this algorithmgrows
linearwith thesizeof thedomaing andthearity w mYn�o p w andis, thus,veryefficient.

Suchalgorithmsdetectconflictswith partialassignmentsasrequiredin line 12 of Algorithm 2 andin
line 7 of Algorithm 4. However, shallow propagationis not appropriatefor the taskof collectingall
conflictsin a subproblemasrequiredin line 2 of Algorithm 5 sinceshallow propagationonly distin-
guishesbetweenadmissibleandnon-admissiblelabelings.Thesealgorithmsfail, thus,to propagate
conflictsdetectedin deepersubtreesto highernodesof a tree-structuredproblem.As a consequence,
the call to DIRECTEDPROP in algorithm4 shall be replacedby Algorithm 7 DIRECTEDCLUSTER-
PROP, that is ableto solve tree-structuredsubproblemswhich form a hypertreewherehyper-arcsare
allowedto sharemorethanonevariable.

Algorithm 7 DIRECTEDCLUSTERPROP isbasedonFreuder’sideatosolve s -structuredtrees[Freuder,
1990]. Theideais to groupthevariablesof a constraintprobleminto clustersin sucha way thatthe
arcsbetweenthe clustersform a tree. Theseclustersform subproblemsthat canbe treatedassin-
gle constraintvariableswherethe setof all solutionsto a clustercanbe consideredasthe domain.
Now, algorithmsonsolvingtree-structuredproblemsareableto combinesolutionsto theclustersin a
consistentway. Thecomplexity of thisalgorithmdependson thesize s of thelargestcluster.

Algorithm 7 appliesthis ideain a two phaseprocedure.Thefirst phasespanningover thelines1 to 8
determinestheclustercontainingvariables q wheres q is thesmallestvariabledueto ± . Line 1 collects
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5 CONCLUSION

constraintswith s q assmallestlocal variable.As in Algorithm 5 DIRECTEDPROP, theseconstraints
have to be propagatedin order to collect the conflictswithin the subtreebelow sóq . The following
loop startingwith line 3 addsall constraints(andtheir local variables)to theclusterthatoverlapwith
morethanonevariable.Theprocedureexits immediatelywith result ¼»½¬¾%¿�Àz¼-ÂÁÃ if s q is eithernot the
smallestlocal variableof a constraintor s q is not thesmallestvariableof thecluster. In thesecases,
DIRECTEDCLUSTERPROP is a no operation becausethe clustercontaining s q hasto be propagated
later on in orderto follow the tree-structureof the connectionsbetweenthe clusters.At the endof
the first phase,f q and h q arethecomponentsof a clusterwhere s q is the smallestvariable— and,
therefore,theinterfaceto theclusterswhicharehigherin thetree.Thisclustercontainsall constraints
with s q aslocal variableandadditionallyall constraintsthatoverlapin morethanonevariable.

Thegoalof phasetwo is to collectfor eachassignments q t v to variable s q theconflictsof thebest
assignmentto the variablesf q of theclustersthat labels s q with v since s q is the only variablethat
mayalsobepartof clusterswhicharehigherin thetree.Thisphasestartswith line 10,anenumeration
of all admissibleassignmentsto thevariablesin f qdt rYs q } . This loop collectsall conflictsthathave
beendetectedfor thecurrentassignmentinto ÂXö�÷íø:ù�úG½�¾�¿�Àz¼-ÂÁÃ . Shallow propagationof all constraints
in h#q addsall conflictswith constraintsof the currentcluster. uSù�Ã Â�úG½¬¾%¿�Àz¼-ÂÁÃ is setaccordingto the
resultof thebestassignmentto thevariablesin thecluster. As afinal result, ¼
½�¾%¿�ÀÁ¼�ÂÁÃ is setto theleast
importantconflictsthathave beendetected.Theeffort for this algorithmgrows with w h q w�­awûg�w:ü v É ü w �
multiplied with theeffort for constraintpropagationwhenonly onelocal variableis not labeled.

Referagainto Fig. 3: The sizeof the subproblemis 21. The largestclusterin this nurserostering
exampleis of size6 (row for nurse3). This meansthat ratherlarge subproblemscanbe optimized
within iterativerepairat comparablylow costs.Theeffort for thelargerepairstepof Fig. 3 shouldbe
prettymuchthesameastheeffort for a sequenceof repairstepseachtreatinga singleclusterby the
branch-and-bound— but the resultswill differ in mostcases.Theapplicationof DIRECTEDCLUS-
TERPROP conductsaglobaloptimizationwhereaseachstepin thesequelonly optimizeseachcluster
with respectto theshift assignmentsthatarecurrentlyvalid in theotherclusters.

5 Conclusion

This papersuggeststo apply efficient algorithmsfor specialconstraintproblems— andexhibit for
instancea k-treestructure— to realworld applications.An examplefrom a nurserosteringdomain
aswell asfirst empiricalresultson randomlygeneratedconstraintproblemsillustratedthe potential
of suchalgorithmsto improve theperformanceof repairstepsin searchby iterative improvement.

The papersketchednecessarymodificationsof algorithmstakenfrom the literaturein orderto inte-
gratespecialpurposealgorithmsinto stateof theartoptimizationby branch-and-boundextendedwith
constraintpropagation.

The suggesteduseof efficient algorithmswithin iterative improvementraisesnew questionson op-
portunitiesto control the search. Iterative improvementaspresentedin this paperis basedon the
heuristicdetectionof subproblemsin the applicationthat areresponsiblefor suboptimalsolutions.
Thesuggestedextensionsreducetheeffort for many extensiverepairsteps.As aconsequence,further
strategies for searchcontrol have to considerboth: Assumptionson reasonsfor deficienciesin the
currentsolutionandassumptionson theeffort for findinganimprovementwhereasthelatterdepends
stronglyon theapplicabilityof efficient algorithms.
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