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Abstract

Someexperimentson randomlygenerategartial constraintsatisfactionproblemsaswell as
an examplefrom the domainof realworld nurserosteringillustrate the advantageof the cycle-
cutsetmethodasarepairstepin iterative search.Theseresultsmotivatetheintegrationof adopted
algorithmson solvingtree-structuredonstraintpproblemsandthe cycle-cutsetmethodinto mod-
ern constraint-basedptimizationwith branch-and-boundndpropagatiorof globalconstraints.

1 Motivation

The GWI Groupis thenumbertwo provider of integratedsoftwarefor hospitalsn Germary. Process
managemenin hospitalsrequiresthe generatiorof severalschedulegor instanceon nurserostering,
transportof patients,and coordinationof diagnosisprocesses.The availability of new therapiesn
combinationwith increasingcostpressurenotivatesfurtheroptimizationsof theseschedule®y intel-
ligentoptimizationsystemsThe GWI-SIEDA GmbH pioneeredhis approactby thedevelopmentof
aconstraint-basedurserosteringsystemthatis usedin a groving numberof hospitald Meyer aufm
Hofe, 1997,Meyer aufm Hofe, 2000,Meyer aufm Hofe, 1999.

All theseapplicationgequirethe useof genericalgorithmsthatwork on declaratve andeasilymain-

tainableproblemrepresentationsincethe exactschedulingoroblemdifferstypically from hospitalto

hospital. Thus,the above cited systemusesvery generalmethods:Extendedpartial constaint sat-

isfactionproblems(PCSP)[FreuderandWallace, 1997 areusedto representhe rosteringproblem.
An iterative searchwhereabranch-and-boundlgorithmextendedby constrainpropagatiorconducts
improvementstepsis usedto producerosters. Soft constraintdn combinationwith iterative search
allows on-line modification of the problemspecification. Additionally, iterative searchcorvemges
quickly on rostersof sufficientquality.

Referto Fig. 1 for a small andsimple example. This figure presentsa simplified roster Eachcell
is labeledby a shift thatis eithera early-morningshift (MS), a late shift (LS), a night shift (NS), a
longerday-turn(DT), or anidle shift (-). Thecorrespondingonstrainfproblemcontainsa constraint
variablefor eachcell in theroster The availabletypesof shifts form the domainof thesevariables.
Constraintsconcerneithershift assignmentsvithin the samerow of the roster e.g. dueto working
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Th|Fr |Sa|Su|Mo|Tu|We|Th | Fr|Sa]|Su|Mo|Tu|We

1121341567 ([8]91({10]11[12]13(14
nurse #1 |[NS| - | - |[NS|NS|INS|NS|NS[NS| - | - [MS[MS|LS
nurse #2 |[MS|MS|MS| - |DT|DT| - | - [DT[NS| - | - [MS|MS
nurse #3 [MS|MS| - | - |MS|MS|MS|MS[MS| - [NS[NS[NS|NS
nurse#4 | - INS|NS| - | - [IMS|MS|MS|LS|LS| - |DT| - |DT
nurse#5 |DT|DT| - |MS|MS|LS|LS|LS| - [ - [MS|MS|LS|MS
nurse#6 | LS[LS[LS| - [LS]| - [DT|DT|MS|MS]| - - |DT|DT
nurse#7 |LS| - | - |LS|LS|LS|LS|LS| - | - [LS|LS|LS|LS

Figurel: A rosteranda subpoblemrepresentinga repair step.

Algorithm 1 ITERATIVEIMPROVEMENT(P = (X, D, C, var, g, >))
1: Computeaninitial assignment to all variablesn X.
2: loop
3:  SetX'U Xr C X toholdaregionwhereA possiblyis suboptimaland X+ formsatree-structuregubproblem.
4.
5

if X’ = 0 then break, end if
Generatean entry conflicts[z <« d] for eachz € X' U X7 andd € D that holds all conflicts with
AL X\ (X'UX7).
6: If BRANCHANDBOUND(P, 8 Vp(Al (X \ (X' UX7)), AL (X \ (X'UX71), X', X1, conflicts) leadsto an
improved solutionthenassigrthisimprovementto A.
end loop
D return A

©

time restrictionsand compatibility of consecutie shifts. Or constraintsrefer to all shifts within a
columnof therosterto ensurea minimal crew atthewardandto statepreferencesn larger standard
crews [Meyer aufm Hofe, 1997.

The nurserosteringsystemusesan iterative searchaccordingto Algorithm 1. An initial assignment
to all variablesis generatedn line 1. Theloop from line 2 to 7 performsimprovementsteps.These
stepsstartwith a heuristicdetectionof a part X’ U X of the currentroster A thatis consideredo
beresponsibldor somedeficiencieof A (line 3). Fig. 1 presentsa subproblenby grey shadedtells
thatcanresultfrom a heuristicto split the chainof night shiftsof nurseNo. 1. This chainis too long.
Line 5 preparesanexhaustve searctfor betterassignmentto thevariablesn X’ U X of thechosen
subproblemA call to a branch-and-boundrocedurecompletegheimprovementstepin line 6.

As mentionedabove, Fig. 1 presentsaan examplefor a subproblemX’ U X thatmay be chosenin
orderto repaira highly relevant deficiengy of a schedule.As mentionedabove, all constraintsare
eitherorientedalongthe rows or the columnsin the roster As it will be shown later, the constraint
graphof this subproblenis ahypertree. This obsenationmotivatesa furtherinvestigatiorof efficient
proceduresor solving tree-structuredonstraintproblems|Freudey 1982, Freudey 1990, Dechteret
al., 1990,FreuderandWallace,1997. As aconsequencehis paperaddressespportunitiego extend
branch-and-boundearchby the cycle-cutseimethod[DechterandPearl,1987,Dechter 1990. This
improvedbranch-and-bounid thenusedo performthetherepairstepin Algorithm 1. For thisreason,
line 3 of Algorithm 1 returnstwo setsof variableso indicatea subproblem:X’ and X . Thevariables
in X aresupposedo form atree-structuedsubpioblemthat canbe solved by efficient algorithms.
In contrast, X is thoughtto be a cutset:A setof variablesthatneedto have a certainvalueassigned
in orderto enablethe useof efficientalgorithmsfor tree-structuregroblems.

This papersuggestso apply efficient algorithmsfor specialconstraintproblems— for instanceof a
tree-likestructure— asa repairstepin iterative searchto solve realworld problemslike nurseros-
tering. Therefore the next sectionbriefly illustratespartial constraintsatisfactiorandtree-structured
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constraintproblemsaccompaniedvith the relevanceof thesedefinitionsfor nurserostering. Start-
ing with reformulationsof standardalgorithms,the next two sectionsdevelop algorithmsfor solving
k-treestructuredsubproblemsn realworld applications Concludingremarkssumup theresults.

2 NurseRostering as Partial Constraint Satisfaction

Partial Constraint Satisfaction with Fuzzy Constraints

As it iswell known, constrainproblemsconsisiof constrainwvariablesandtheirdomainswvhichis aset
of labelsthatcanbe assignedo the variable. Constraintgostrestrictionson consistenassignments
of labelsto two or morevariables.The standarcconstrainfproblemis to assigniabelsto all variables
in sucha way thatall constraintsare satisfied. Thingsgeta bit more complex on partial constraint
satisfactionvheresolutionsto a constrainproblemareonly requiredto satisfythe constraintasgood
aspossible.Suchforms of constraintproblemsareappropriateo representll kinds of optimization
problems. This sectiondescribesa notion of partial constraintsatisfactionwith fuzzy constraints
[Meyer aufm Hofe,200d thatusesa partialorderingof fuzzy setsof constraintgo distinguishmore
from lessimportantconflicts. The standardPCSP[Freuderand Wallace, 1992 considerssoft but
crisp constraintsij.e. solutionsarenot necessarilyequiredto satisfyall constraintsout all constraints
areeithercompletelysatisfiedor completelyviolated. In contrastfuzzy constraintsnay be partially
satisfiedby a solution.

Let X bethe setof variables,D the domainof the variables,andC' be the setof constraintshat
describeconstraintproblemP. Eachconstraintc € C' hasasetof local variablesvar...

An assignmento the variablesin set X’ is a setof labelings{z «+ d|z € X',d € D}. Al X"
selectsfrom A the assignment$o the variablesin X”. Additionally, A| = denoteghe valuethat A
assigndo variablez.

A function ¢. : D¥*'= — [0; 1] mapsa degreeof constraintviolation to eachassignment4 to the
local variablesvar.. A 0 degreeof constraintviolation meanghat A satisfieghe constrainiperfectly
A 1 deggreeof constraintviolation indicatesa completeviolation. Degreeshetweentheseextremes
represent partialviolation.

Sinceassignmentmayviolate constraintso a degreefrom 0 to 1, the conflictsof eachassignmenti
canberepresentethy afuzzy setC'(A) whereg. (Al var,) is the membershipf constraintc in this
set. This view makesit easyto sumup conflictsby useof fuzzy setunionC'; = Cy U C'3 wherethe
membershimf constraint: to C is the maximumof ¢'s membershifio C; andCs.

Finally, a partial ordering> amongfuzzy setsof constraintsdescribeshich conflictsare moreim-
portantthanothers. A fuzzy setof constraints’; is moreimportantthananotherfuzzy setof con-
straintsCy, iff C; = C. An assignmenti is a solutionof constrainfproblem?® iff anassignmentd’
with lessimportantconflicts— i.e. C(A) = C'(A’) — doesnot exist.

PCSPsaccordingto this definitionprovide a very flexible formalismto represenproblemdike nurse
rostering. Nurserosteringconcernsclassicalbinary constraints— for instanceto representcom-
patibility of consecutie shifts— aswell asglobal constraintsvhich affect a large numberof local
variables.As anexamplefor suchconstraintsn nurserostering,considethe ApPPROX constrainthat
is for instanceusedto preferattendancef a standarccren atthe wardanda balancedvorking time
account. The degreeof violating this constraintis definedwith respectto two parameters’ andg,
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Figure2: Componentsf a tree-structuedconstmaint network.

where f(d) mapsa weightto eachvaluein the domainD andg is a goal sumof this weights. The
degreeyp; ,(A) of violation a constraintc of this type grows with the distancebetweerthe goalsum
g andthe sumof weightsof thevaluesthat A assigngo thelocal variables.

, 9 Y eeayea F(d)]
Prg(A) = var.| - max{f(d) | d € D}

Let for instancef mapa 1 to themorningshift anda 0 to all othershifts. Thenan APPROX constraint
is appropriatdo statea preferenceon a standarccrewn of 2 nursesduringthe morningshift on day 2
in Fig. 1. Theconstrainthasa goalsumof 2 andall constraintvariablesconcerningshiftsonday?2 as
local variables.ConsequenceThe degreeof constraintviolation grows with the differencebetween
thescheduledtrewn sizeandthe preferredcrew sizeduringthetime periodof the morningshift.

Tree-structured Subproblems

Fig. 2 presentghe constraintgraphof a constraintproblem. The nodesin this graphrepresenvari-
ables. The hyperarcsrepresentonstraintsbetweenthe connectedvariables. The tree-structured
subproblemconsistsof the numberednodesand constraints. The striped constraintdisturbsthe
tree-structureof the problemandthe stripednodesrepresenta so-calledcutset: If thesevariables
are labeledwith unique valuesthen the striped constraintdegeneratego a unary constraint. As
a consequencethe rest of the constraintproblem has a tree-structurg Dechterand Pearl, 1987,
Dechter 199d.

A constraingraphis plain iff two nodesareconnectedy atmostonehyperarc.

In Fig. 2, the numbersof nodesrepresent total ordering> of the nodes. The width of a nodez;
of the constaint graphwith respecto a particular ordering > is definedto be the numberof nodes
zo With z; > x4 wherez; andz, areconnectedy differentarcs(or constraints).The width of the
constaint graphwith respecto a particular ordering > is thelargestwidth of anode.> is calledto
bethebestorderingin a particular constiaint graphiff thewidth of the constraingraphwith respect
to > is minimal. The width of a constraintgraph(in general)is the width with respectto the best
ordering[Freuder1984.

A constraintproblemwhoseconstraintgraphis of width 1 is called a tree-structuregoroblem. The
smallestnodeaccordingto > is the rootnode. All nodeswhich arenot connectedo >-largernodes
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Figure3: Constaintsconnecbnly variableswithin the samerow or the samecolumn.Consequence:
Thesubpioblemsconstaint graphhastheform of a hypertree

areleaf nodes.An ordering> proving width 1 is alsocalledtree-orderingf for eachconstrainthe
local variablewhichis the smallestdueto > is connectedvith a smallervariable.

Fig. 2 presentssucha tree-structuregbroblem. The numbersof the nodesindicatea tree-ordering.
Eachnodeis at mostconnectedvith onenodeof asmallerindex.

Consequentlya tree-ordering> canbe usedalsoin the nurserosteringapplicationto prove thata
subproblemhasa treestructure.Sinceeachcell in a rostercorrespondsvith a constraintvariablein
the constraintproblem, Fig. 3 presentsa tree-orderingfor the subproblenof Fig. 1 numberingthe
nodesn theconstraingraphfrom 1 (rootnode)to 21. The constrainton arostereitherconnectells
in thesamerow of aroster— maximalandminimalworkingtime, preferredvorkingtime, constraints
on minimalrestingtime, andsoon— or the samecolumnof aroster— for eachrequiredshift typea
constrainton minimal andpreferredcrew size.Hence all variablesreferringto cells of the samerow
or columnare connectedy constraints.Thearrows in Fig. 3 point from eachconstraintvariablez
to avariablez iff botharelocal to thesameconstraintandz; > z.. Sinceat mostonearrov leaves
from the samevariable,the subproblemhaswidth 1. This smallexampleshawvs that moreefficient
algorithmsfor solvingtree-structuredubproblemsirealsorelevantto improve nurserosteringif they
arenotrestrictedo subproblemsf aplain constraingraph— in thenurserosteringapplicationmary
constraintsoverlapin morethanonevariable.

3 Cycle-Cutset and Branch-and-Bound

This sectionintroducesanextensionof the branch-and-boundith cycle-cutsethatis deriveddirectly
from the literature. Algorithm 2 presentsa versionof the branch-and-boundsit is referredby Al-
gorithm 1. The branch-and-boundecevesasarguments:The constraintproblemP, the boundj,
the bestyet found solution S, the currently explored assignment4, andthe distanced, thatis the
fuzzy setof constraintgeflecting A’s constraintviolations. Furthermore X’ and X specifywhich
part of P hasto be searchedThe variablesin X areknown to form atree-structuregubproblem.
Thebranch-and-bounbasto branchoverthe possibleassignmentto thevariablesn X'’ whereaghe
variablesin X7 will belabeledby aspecialalgorithnt.

Line 1 leadsto a backtrackingif the conflicts § of the currently explored assignment4 exceed
bound3. Then, line 2 determineswvhetherthe branch-and-bounttasto perform a branchingor
not. If both X’ and X1 areempty then A is a new solution. Hence line 4 returnsthis new solution

Theliteratureon cycle-cutsessumesnalgorithmwhere X needsto be computedor ary branchin thesearcttree.
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Algorithm 2 BRANCHANDBOUND(P, 3, S, 8, A, X', X1, conflicts)

P is the constraintproblem. 3 is the bound: The fuzzy setof constraintsepresentinghe conflictsof the
bestyet foundsolution S. Initially, the boundmapsfull membershifo all constraintsand S is the empty
set. A is the partialassignmendlescribingthe currentbranchof thesearchreethatis initially theemptyset.
d is thefuzzy setof constraintshatrepresentgnown conflictsconcludingfrom assignmenti. X' is theset
of variablesto be labeled. X7 N X' = § is atree-structuredubproblem.conflicts describeghe known
conflicts. Theresultof thealgorithmis atuple (S, 3} representingitherthe old solutionor anew improved
one.

1: if notg3 > 4 then return (S, 8}, end if.
2: if X' =0 then
3. if Xo =0then

4: return (A, 8).

5: dse

6: return SOLVETREE(P, 3,6, A, X1, conflicts) .

7:  endif

8: ese

9: Chooseanz € X',

10: for all d € D with 8 > conflicts[z + d do

11: for all c € C with & € var. do

12: conflicts < PROPAGATION(c,3 6 U conflicts[z + d], AU {z « d}, conflicts ), wherePropagations oneof
theproceduregor constraintpropagatiordescribedelow.

13: end for
(S, 8) < BRANCHANDBOUND(P, 8,6 U conflicts[z + d],

14: AU{z « d}, X'\ {z}, X,

conflicts).

15:  end for.

16: return{S, B).

17: end if

andits conflicts. If X represents non-trivial tree-structurecgubprobleml|ine 6 calls Algorithm 4

SOLVETREE to solve the remainingproblem. If X' is notempty line 3 chooses variableandthe

loop in line 10 loopsover all admissibleassignmentso this variable. Then,line 12 calls constraint
propagatiorto find out which conflictsariseon the new assignment < d. Line 14 implementghe

final stepin branching:A recursve call of the branch-and-bounihcludingthe newv assignmenanda

new distance.

This version of the branch-and-boundisesconstraintpropagationto detectconflicts which con-
clude from the currently explored assignments.Array conflicts storesfor eachassignmento a
yet unlabeledvariablethe correspondingletectedconflicts. Algorithm 3 presentsa genericproce-
durefor the propagatiorof fuzzy constraints:The min-max-propagatioiSnav and Freudey 1990,
Duboisetal., 1993. This procedurdoopsover all admissibleassignment$o the local variablesof
the constraini(line 4). For eachof these‘tuples”, fuzzy settuple Conflicts holdsthe propagateadon-
straintwith a membershi@ccordingto the tuple’s degreeof violating the constraint. Additionally,
tupleConflicts is loadedwith the conflictsthathave beendetectedn advanceto eachof theassigned
values(line 7). After this procedure tupleConflicts holdsfor eachconstraintthe maximal degree
of constraintviolation thatfollows eitherfrom the propagatedonstraintor thathasbeendetectedn
adwancefor oneof theassignedialues.Then,line 10 collectsfor eachlabelingof asinglevariablethe
conflictsaccordingto the besttuple A’ it appearsn. Finally, conflicts is loadedwith the newly de-
tectedconflicts. Providedthat . canbe computedefficiently, the effort for the min-max-propagation
grows with | D|¥2"<l which is the numberof tuplesA’.

Algorithm 4 TREeSOLVE finds optimal solutionsto tree-structuregroblemswith |C'| calls of al-

6
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Algorithm 3 MINMAXPROPAGATION(c, 3, 8, A, conflicts)

c is the constraintto be propagated ArgumentA’ is a partial assignmenthat may be usedfor instanceto
describethe branchof a searchtree. conflicts[z «+ d] is a fuzzy setof constraintshatholdsthe conflicts
thatfollow from assignindabeld to variablez.

1: for all » € var. andd € D do

2:  Add all constraintsvith membershif to best Conflicts[z + d].
3: end for.

4: for all A’ € D¥**e composedf admissibldabelingsdo

5.  SettupleConflicts to bethefuzzy setmappingmembershipy.(A’) to constraintc.
6. forall # € var. do

7: tupleConflicts < tupleConflicts U conflicts[z + A’} z].
8: endfor.

9: forall z € var. do

10: if bestConflicts[A'] {z}] = tuple Conflicts then

11: bestConflicts[A') {x}] « tupleConflicts.

12: end if.

13: endfor.

14: end for.

15: for all = € var. andd € D do conflicts[z + d] < bestConflicts[x + d] end for.

A labelingz + d is admissibleiff either(z + d) € A or A doesnot assigna valueto variablez and
B = 6 U conflicts[x < d|.

gorithmsfor constraintpropagation. For now assume that PROPAGATE is synorymouswith the
max-min-propagatioraccordingto Algorithm 3. The basicideais to propagatehe conflicts from
theleave nodesto theroot node. ConsideragainFig. 2 asanexample. The loop over line 2 consid-
ersatfirst leaf node7. Algorithm 5 DIRECTEDPROP is calledto propagatehe constraintdinking
node7 asa root nodeof a subtreeto the branchesf the subtree. However, node7 is a leaf node
and,consequentlyDIRECTED PROP hasnothingto do. This situationchange®n node5 representing
variablezs. After DIRECTEDPROP on this variable,the conflicts of the labelsof variablezs are
setaccordingto the bestopportunityto label the variableszs to xg forming the subtreebelow zs.
It canbe shawn that conflicts[zs + d] comprisesunderthesecircumstancesxactly the conflicts
of the optimal assignmento the variablesin the subtreethat also assignsd to z5. The condition
for constraintpropagationn DIRECTEDPROP guaranteeghat constraintof deepersubtreeswill be
consideredeforeconstraintof highersubtrees.

After leaving the propagatiorphasetheloop startingat line 5 collectslabelingsto build an optimal
solutionin the samemannerasthe branch-and-boundlgorithm: Selecta new labelingfor avariable
accordingo theyetknown conflicts andpropagatéheconsequenceas this new labelingby thesame
constraintpropagatiorasit is usedin the branch-and-bountb find new conflicts.

Hence tree-structureghroblemscanbe solved efficiently, if the constraintgraphis plain andpropa-
gationof the constraintds efficient. Academicpapersoften concentraten binary constraintssince
theseconstraintgguarantean efficient max-min-propagation.

Fig. 4 shovstheeffect of introducingcycle-cutseinto the branch-and-bountbb+cycle-cutset) and
of usingthis algorithmfor stepsof repair(iterative cycle-cutset) comparedo the branch-and-bound
with constraintpropagationbut without using TREESoOLVE (bb). The diagramsshov an average
performancen randomlygenerated®CSPf a plain constraingraphandwith binaryandcrispcon-
straintsof low satisfiability The constrainthave a randomlychosenweightandthe preference- is
definedaccordingto theweightsumof violatedconstraintd FreuderandWallace,1993. Thecurves
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Algorithm 4 TREESOLVE(P, 3,8, A, X1, conflicts)

Let > be a tree-orderingon the variablesof the subproblem.Let Cr «+ {c||var. N X7| > 2} bethe
constraintsconnectingvariablesof the tree-structuredubproblemj.e. the setof constraintsoft he tree-
structuredsubproblem.

: for all # € X orderedby > startingwith thelargestvariabledo
DIRECTEDPROP(z,Cr, 3,9, A, conflicts).
end for.
s if notg > then return (@, ), end if
: for all z € X orderedby > startingwith the smallestvariable(root node)do
Chooseavalued € D with minimal § U conflicts[z < d].
for all ¢ € C withz € var. do PROPAGATION(c, 3, 8 Ul conflicts[x < d], A, conflicts) end for.
d « 6 U conflicts[z + d].
end for.
s return (A, d).

CcoNORrWONE

[y
o

Algorithm 5 DIRECTEDPROP(z, C', 3, 8, A, conflicts)

1: for all ¢ € Cr wherez' is minimallocal variableof ¢ dueto > do
2:  MINMAXPROPAGATION(c, 3,6, A, conflicts).

3: end for.

4: return conflicts.

10 variables, 10 values in the domain, sat=0.05
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Figure4: Thebasiceffect of cycle-cutsetisstepof repairwithin iterative improvement.

show the decreasén the weight of constraintsviolatedby the bestyet found solutionover time. Di-
agrama) shows the performanceon nearlytree-structuregbroblems:All plain but connectedyraphs
with 10 nodesand9 arcsform atree.As a consequencdyoth algorithmsusingcycle cutsetcorverge
very quickly on the optimal solution. With increasingnumberof the constraintsthe branch-and-
boundwith cycle-cutsebecomesvorsethanbranch-and-boundithout cycle-cutsesincethe solved
problemsloosetheir tree-like structure. In contrast,an iterative searchexploiting cycle-cutsetcon-
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Algorithm 6 SHALLOWPROPAPPROX(c, 3, 8, A, conflicts)

As mentionedn thetext, this constrainthasa goalsumg andafunction f asa specialattribute that maps
eachvaluein D toarealnumber Let A beanassignmenito thelocal variables.Then, A’s degreeof violating
the constraints definedasfollows:

v lg — Z{.u—d}eA f(d)|
1a(A) = e () [d € D}

10 fi52 0. fiin 0.

2: for all & € var. do

33— f3* 4 max{f(d) | # + disadmissiblg.

4:  fmin o fmin Lomin{f(d) | # « d is admissiblg.

5: end for.

6: for all = € var. andx « d is admissibelo

7r fEA% e fEeX — max{f(d') | # < d'isadmissiblé + f(d).

8  fmin « fE _min{f(d") |z « d'isadmissiblg + f(d).

9: if fm* < gthen

10: Add c with adegreeof lvarclmj;{ﬁgf;f rarepy (0 conflicts[z « d].

11:  dseif f™" > gthen
12: Add ¢ with adegreeof
13: endif.

14: end for.

jmin g .
|varc|4ma,x{<_f?d’) rarepy 0 conflicts[z + dJ.

vergesstill far morequickly on optimalsolutionsthanthe branch-and-boundApparently especially
theintegrationinto iterative searchmakescycle-cutsetreally attractive methodfor solvingconstraint
problems.

However, algorithmTREESOLVE is only applicableto subproblem®f a plain constrainigraph.Real
world problemsimply only in very rarecaseglain constraintgraphssincetheseapplicationsdepend
very oftenon constraint®f largearity (globalconstraintsjhatoftenoverlapin morethanonevariable.
The APPROX constraintof section2 providesanexamplefor suchlargearity constraints.

4 Solving Tree-structured Problemswith Shallow Propagation

Algorithm MINMAXPROPAGATION looks for optimal supportwith respectto the propagatedton-
straintand previously recognizecconflicts. Both requirementsn combinationmakeit hardly possi-
ble to implementthis kind of propagatiorefficiently for specialttypesof large arity constraints— but

efficient propagatiorof large arity constraintds one of the key factorsfor the succes®f constraint-
basedproblemsolving. Fortunately algorithm2 BRANCHANDBOUND canmakeuseof a reduced
form of constraintpropagatiorthat distinguishenly admissiblefrom non-admissibldabelings. A

labelingz < d is calledto beadmissiblgff it is anelementbof assignmentt describingthe currently
exploredbranchof thesearchreeor z is ayetunlabeledrariableandthe currentlyknown conflictsof

z + d donotexceedthebounds [Meyeraufm Hofe, 1999,Meyer aufm Hofe,200d. This shallow
propagationdeterminegonflictswith a constraint: accordingto possibleadmissibleassignmentso

thelocal variablesof ¢. Ontheonehand,suchshallowpropagatbnis usefulto detectconflictsearly
in akind of extendedforward checkingas performedin line 12 of Algorithm 2. On the otherhand,
efficient algorithmscanbe foundfor mary relevantconstraintsAs anexampleconsiderAlgorithm 6

SHALLOWPROPAPPROX presentinga shallov propagatiorfor the constraintsof type APPROX that
hasbeendefinedin section2.
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Algorithm 7 DIRECTEDCLUSTERPROP(z', C'1, 3, 8, A, conflicts)

1: ¢’ « {c € Cr | & isminimallocal variableof ¢ dueto >}. X' « |J ¢ vare.

2: if C' = @ then return conflicts, end if

3: for al ¢ € Cr do

4:  if | X' Nvare| > 2 then

5: if «'is notminimallocalvariabledueto > then return conflicts, end if

6: Add all variablesin var.. to X'. Insertc into C’.

7. endif

8: end for

9: for all d € D do Add all constraintsvith membershif to best Conflicts[z’ « d]. end for.

10: for all A’ € DX M=} of admissibldabelingsdo

11: Initialize tuple Conflicts to hold anemptysetfor eachs < d with = € var, \ X' andd € D.

12: foralx e X'andd € D do tupleConflicts|z’ < d] + tupleConflicts[z’ + d] U conflicts| A’} {z}]. end for.

13: for all c € C'do tupleConflicts «— SHALLOWPROP(c,(3,6, AU A’ tuple Conflicts). end for

14: forald e D do

15: if bestConflicts[z’ < d] > tupleConflicts[z’ « d] then bestConflicts[z’ + d] « tupleConflicts[z’ « d].
end if.

16: endfor.

17: end for.

18: for all d € D do conflicts[s’ + d] « bestConflicts[z’ < d] end for.

Let A be the partial assignmentescribingthe currently valid branchin the searchtree. A’s de-
gree of violating a constraintof type APPROX is determinedaccordingto the distancebetween
> revar. / (Al 2) anda goalsumg. Algorithm 6 determinesthe conflicts for currently unlabeled
variablesby a simpleprocedureahatatfirst sumsup theminimal sum fg""andthe maximalsum f3'#*

of weightsresultingfrom f on admissiblevalues(in the loop startingat line 2). The secondoop

startingat line 6 usestheseresultsto determinefor eachadmissiblelabelingz <« d the minimal

andmaximalsumof weights f™", and fm=X thatcanresultfrom extendingz < d with admissible
labelings. A completesatisfactionof the constraintis consideredo be possibleif the goal sumg

lies betweerthesevalues.Otherwise anoptimisticestimateon the degreeof constraintviolation that
resultsfrom assigningd to = is computedfrom fm™", or 2. The effort for this algorithmgrows

linearwith thesizeof thedomain/) andthearity |var.| andis, thus,very efficient.

Suchalgorithmsdetectconflictswith partialassignmentasrequiredin line 12 of Algorithm 2 andin
line 7 of Algorithm 4. However, shallowv propagatioris not appropriatefor the taskof collectingall
conflictsin a subproblemasrequiredin line 2 of Algorithm 5 sinceshallov propagatioronly distin-
guishesbetweeradmissibleand non-admissibldabelings. Thesealgorithmsfail, thus,to propagate
conflictsdetectedn deepeisubtreedo highernodesof atree-structuregroblem.As aconsequence,
the call to DIRECTEDPROP in algorithm4 shall be replacedby Algorithm 7 DIRECTEDCLUSTER-
ProP, thatis ableto solve tree-structuredubproblemsvhich form a hypertreewherehyperarcsare
allowedto sharemorethanonevariable.

Algorithm 7 DIRECTEDCLUSTERPROP is basedn Freudersideato solve k-structuredreed Freudey
1990. Theideais to groupthe variablesof a constraintprobleminto clustersin sucha way thatthe
arcsbetweenthe clustersform a tree. Theseclustersform subproblemghat canbe treatedas sin-
gle constraintvariableswherethe setof all solutionsto a clustercanbe consideredasthe domain.
Now, algorithmson solvingtree-structuregroblemsareableto combinesolutionsto theclustersn a
consistentvay. Thecompleity of this algorithmdepend®nthesizek of thelargestcluster

Algorithm 7 appliesthis ideain atwo phaseprocedure Thefirst phasespanningoverthelines1to 8
determinesheclustercontainingvariablez’ wherez’ is thesmalleswariabledueto >. Line 1 collects
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5 CONCLUSION

constraintswith z’ assmallestiocal variable. As in Algorithm 5 DIRECTEDPROP, theseconstraints
have to be propagatedn orderto collect the conflictswithin the subtreebelowv z’. The following
loop startingwith line 3 addsall constraintgandtheir local variables)o the clusterthatoverlapwith
morethanonevariable. The proceduresxits immediatelywith result conflicts if 2’ is eithernotthe
smallestiocal variableof a constraintor 2’ is not the smallestvariableof the cluster In thesecases,
DIRECTEDCLUSTERPROP is a no operation becausehe clustercontainingz’ hasto be propagated
later on in orderto follow the tree-structuref the connectiondetweenthe clusters. At the end of
the first phase, X’ andC" arethe component®f a clusterwherez’ is the smallestvariable— and,
thereforetheinterfaceto theclusterswvhich arehigherin thetree. This clustercontainsall constraints
with 2’ aslocal variableandadditionallyall constraintghatoverlapin morethanonevariable.

Thegoalof phasewo is to collectfor eachassignment’ «+ d to variablez’ the conflictsof the best
assignmento the variablesX"’ of the clustersthatlabelsz’ with d sincez’ is the only variablethat
mayalsobepartof clusterswhicharehigherin thetree. This phasestartswith line 10,anenumeration
of all admissibleassignment$o the variablesin X'\ {z'}. Thisloop collectsall conflictsthat have
beendetectedor the currentassignmeninto tuple Conflicts. Shallov propagatiorof all constraints
in C" addsall conflictswith constraintof the currentcluster bestConflicts is setaccordingto the
resultof thebestassignmento thevariablesn thecluster As afinal result,conflicts is setto theleast
importantconflictsthat have beendetected The effort for this algorithmgrows with |C”| - | D|IX'1-
multiplied with the effort for constrainfpropagatiorwhenonly onelocal variableis not labeled.

Referagainto Fig. 3: The size of the subproblemis 21. The largestclusterin this nurserostering
exampleis of size6 (row for nurse3). This meansthat ratherlarge subproblemsan be optimized
within iterative repairat comparablylow costs.Theeffort for thelargerepairstepof Fig. 3 shouldbe
pretty muchthe sameasthe effort for a sequencef repairstepseachtreatinga singleclusterby the
branch-and-boune- but the resultswill differ in mostcases.The applicationof DIRECTEDCLUS-

TERPROP conductsaglobal optimizationwhereasachstepin thesequelnly optimizeseachcluster
with respecto the shift assignmentthatarecurrentlyvalid in the otherclusters.

5 Conclusion

This papersuggestdo apply efficient algorithmsfor specialconstraintproblems— and exhibit for
instancea k-treestructure— to realworld applications.An examplefrom a nurserosteringdomain
aswell asfirst empiricalresultson randomlygenerateatonstraintproblemsillustratedthe potential
of suchalgorithmsto improve the performancef repairstepsin searchby iterative improvement.

The papersketchechecessarynodificationsof algorithmstakenfrom the literaturein orderto inte-
gratespecialpurposealgorithmsinto stateof theartoptimizationby branch-and-bounektendedwith
constrainfpropagation.

The suggestediseof efficient algorithmswithin iterative improvementraisesnen questionson op-
portunitiesto control the search. Iterative improvementas presentedn this paperis basedon the
heuristicdetectionof subproblemsn the applicationthat are responsiblefor suboptimalsolutions.
The suggestedxtensiongeducetheeffort for mary extensive repairsteps.As aconsequencdyrther
stratgjiesfor searchcontrol have to considerboth: Assumptionson reasondor deficienciesin the
currentsolutionand assumptionsn theeffort for finding animprovementwhereaghe latterdepends
stronglyon theapplicability of efficient algorithms.
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