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Abstract. Based on experiences with theORBIS Dienstplan-system [12] – a
nurse rostering system that is currently used in about 60 German hospitals – this
paper describes how to use constraint processing for automatic rostering. In prac-
tice, nurse rostering problems have many varying parameters: Working time ac-
counts, demands on crew attendance, set of used shifts, working time models, etc.
Hence, rostering requires a flexible formalism for representing the variants of the
problem as well as a robust search procedure that is able to cope with all prob-
lem instances. The described approach differs in mainly twopoints from other
constraint-based approaches [1, 22] to rostering.
On the one hand, the used constraint formalism allows the integration of fine-
grained optimization tasks by fuzzy constraints, which a roster may partially sat-
isfy and partially violate. Such constraints have been usedto optimize the amount
of working time and the presence on the ward. In contrast, traditional frame-
works for constraint processing consider only crisp constraints which are either
completely violated or satisfied. On the other hand, the described system uses an
any-time algorithm to search for good rosters. The traditional constraint-based ap-
proach for solving optimization tasks is to use extensions of the branch&bound.
Unfortunately, performance of tree search algorithms is very sensitive to even
minor changes in the problem representation.ORBIS Dienstplanintegrates the
branch&bound into local search. The branch&bound is used toenable the op-
timization of more than one variable assignment within one improvement step.
This search algorithm converges quickly on good rosters and, additionally, en-
ables a more natural integration of user interaction.
Keywords:Employee Timetabling, Commercial Packages,Artificial Intelligence,
Constraint Based Methods, Soft Computing, Local Search.

1 Introduction

The objective of rostering tasks is to label employees with aworking (or idle) shift
for each day of a certain period of time. Hence, these problems may be viewed as
constraint satisfaction problems (CSP), that concern the assignment of values out of a
known domain to a finite number of variables [19]. This article describes a system for
solving nurse rostering problems of various kinds by constraint-based reasoning.

The nurse rostering systemORBIS Dienstplan1 — a collaboration of theGWI-
SIEDA GmbH Kaiserslauternwith theGerman Research Center for Artificial Intelli-
gence (DFKI)— is currently operational in about 60 hospitals and in fire departments

1 The system is currently sold under different trade marks.



[12,14]. This article describes representation and searchin a prototype on constraint-
based rostering that reflects the lessons learned from the commercial system. From the
perspective of research on constraint reasoning, the system exemplifies an integration of
branch&bound search into iterative search algorithms. Furthermore, this system demon-
strates how to use soft and even fuzzy or non-crisp constraints from a constraint library
that is inspired by common practice inconstraint logic programming (CLP)[13].

Nurse rostering is a comparably hard rostering task since shift assignments are re-
quired to comply with many different constraints concerning rest time, preferred se-
quences of shifts, working time accounts, compensation of working shifts on weekends,
the expected expenditure of work and, last but not least, employees’ preferences. Sev-
eral authors stressed the relevance of constraint-based methods to solve nurse rostering
problems [1, 5, 22]. As Section 5 describes in detail, the work presented here differs in
two major points from these approaches:

1. In several realistic situations, constraints on a rostercannot be satisfied completely.
Consider, for instance, the case that some overtime work is necessary to guarantee
a crew of appropriate size on the ward. In these cases, nurse rostering is rather a
problem of constraint optimization than a problem of constraint satisfaction. Con-
sequently, special techniques had to be invented to optimize compliance withsoft
and partlyfuzzy constraints.

2. All approaches from the literature apply several heuristics which exploit charac-
teristics of the current application. Such heuristics restrict the applicability of the
resulting system to some special instances of nurse rostering where, for instance,
only three shifts — early-morning shift, late shift, night shift — have to be assigned
to the nurses. In contrast,ORBIS Dienstplanis applicable to arbitrary sets of shifts
including longer day-turns and on-call duties. Additionalparameters of the prob-
lem comprise working time accounts and a specification of a minimal respectively
preferred size of crew attendancethat may differ from day to day. Obviously, such
flexibility requires much more generic search procedures.

Additionally, constraint-based representations of nurserostering problems are quite
large. Since one needs a variable for each nurse on each day, rostering problems typ-
ically comprise 150 to 1200 variables. The structure of the constraints between these
variables characterize nurse rostering as a problem of highcomputational complexity.

This paper is organized as follows: The first technical section presents a represen-
tation of nurse rostering as constraint problem. This section starts with the description
of a special formalization of constraint problems that covers optimization aspects as
well as use of constraint libraries. Based on this formalism, a representation of roster-
ing problems is given. The next section briefly describes thestandard algorithms for
searching constraint optimization problems: Iterative improvement and branch&bound
search enhanced by constraint propagation. This section concludes with an integration
of both search paradigms that may be considered as an iterative search allowing com-
plex improvement steps. However, this integration of complex improvements raises the
question of how to distinguish promising from useless improvement steps. The next
section presents a heuristic that turned out to be successful on this task. Finally, a con-
cluding section provides a comparison to related work: (1) The proposed formalization



of soft constraints relates for instance to thevalued constraint satisfaction (VCSP)for-
malism [3, 16]. (2) Literature on compelling systems for constraint-based nurse roster-
ing is used to point out the differences of this approach to the state of the art in this
field.

2 Rostering Problems as Constraint Optimization

The basic framework for the proposed representation of rostering problems originates
from theconstraint satisfaction problem (CSP)whose basic ingredients are variables,
a set of values called domain, and constraints that impose restrictions on how to assign
values from the domain to variables. This section develops aformal representation of
rostering problems in two steps:

(1) The traditional notion of constraint problems is extended to deal with optimiza-
tion. Additionally, constraints are derived from aconstraint library, i.e. the problem
representation refers explicitly to a number ofconstraint typesout of a library that pro-
vides elaborate methods of reasoning on constraints.

(2) In a second part, this section presents the required constraint types and the way
they are used to represent rostering problems. Rosters are represented by an assignment
of shifts to variables. Constraints represent demands on appropriate rosters.

2.1 Hierarchical Constraint Optimization Problems

Problems of constraint satisfaction or optimization concern the task of finding assign-
ments of values from a certain domain

�
to variables from a set� . These assignments

have to respect constraints from a set� . Specializations of this general task differ with
respect to the representation of domains (numeric or finite set of symbols), constraints
(binary or out of a constraint library), and the way that constraints assess assignments
(hard or soft constraints). Rostering problems require a very general and therefore quite
complex framework for the representation of constraint problems.

Assignments to the variables in� represent rosters. In order to distinguish better
from worse rosters, the constraints of a rostering problem define a preference order-
ing � among assignments (rosters) in such a way that� � � � � holds true for two
assignments� � and� � iff � � complies better with the constraints than� � . Each con-
straint � � � states a valuation of the assignments to some of the variables in � by
use of a propagation method that is provided by aconstraint library. The effect of such
propagation methods can be described by a function	 that maps assignments to the
local variables to adegree of constraint violation. A constraint violation of
 says that
the assignment satisfies the constraint whereas a degree of� indicates a total violation.
Values in between these extremes represent a partial constraint violation. Thus, con-
straints of this framework arenon-crispor fuzzyin the sense that there is something in
between complete violation and complete satisfaction.

Specifications of constraints comprise some more attributes in order to enhance ap-
plicability of propagation methods since the implementation of these methods often
requires a large effort. A parameter� enables the user of the constraint library to adapt
the used propagation method	 to the current optimization problem. Two additional



attributes of constraints specify which constraints are more important than others. The
hierarchy level� of a constraint is a positive integer that represents the constraint’s
categorical importance: Each constraint of a more important hierarchy level is more
important than all constraints in the levels of lower importance together. Traditionally,
hierarchy level
 is the most important hierarchy level comprising the mandatory con-
straints [4]. Additionally, each constraint exhibits a weight � in order to state its gradual
importance. This means that importance of constraintsof the same hierarchy levelgrows
with their weight. In contrast to hierarchy levels, satisfying more constraints of smaller
weight may be preferred to the satisfaction of a single constraint of larger weight. These
commitments result in the following definition of a constraint formalism.

A hierarchical constraint optimization problem (HCOP)is a tuple� � � � � � � � �
where� is a set of variables,

�
is a finite set of values, and� is a set of constraints.

A constraint� � � � � � � � � 	 � � � is composed of thehierarchy level� � � 	 , the
constraint’s weight� � 
 � , the vector of� local variables� � � 
 , theparameter
� � � , and thedegree of constraint violation	 � � � � 
 � � 
 � � � .

Let � be an assignment of values from
�

to all variables in� and� � � result in
a vector� � � 
 where� � � � is the value that is assigned to� � � � by � .

The weight of an assignment� in hierarchy level� is defined as

� � � � � � �� � � �  �! � " # $ % � & 	 � � � � � � � '
Assume� � and� � to denote two assignments of values from

�
to the variables in� ,

then the preference ordering� — that distinguishes less from more preferred assign-
ments — is defined as follows: If� � violates some mandatory constraints (hierarchy
level 0) to a degree larger than 0 — equivalent to

� 	 � � � � ( 
 — and� � satisfies all
mandatory constraints — equivalent to

� 	 � � � � � 
 — then � � is better than� � or
� � � � � . � � � � � holds additionally true otherwise, iff both assignments satisfy the
mandatory constraints and there is a hierarchy level� with

� ) � � � � ( � ) � � � � and for
all levels* with � + * , � : � - � � � � � � - � � � � .

According to this definition, an assignment that satisfies all mandatory constraints is
preferred to an assignment that violates some mandatory constraints. Two assignments
that both violate mandatory constraints are considered to be equally bad. Preference
referring to the soft constraints is determined according to the most important hierarchy
level where one assignment violates less important constraints than the other assign-
ment. Of course, HCOP is related to other generalizations ofthe standard CSP, namely
lexicographic VCSP [3, 16]. Please refer to section 5 for further notes on this issue.

2.2 Rostering Problems as HCOP

The first task in representing real world problems as a constraint problem is to identify
the variables and the domains. In our representation, a constraint variable is generated
for each nurse on each day in the roster. The planning period is typically a month, i.e.
30 or 31 days. In the following,. ) -

denotes the constraint variable of nurse� on day* .
Variable . ) -

is labeled with the shift that nurse� has to serve on day* . The descriptor
of a shift is typically composed of a letter representing theshift type that is followed



balance working time accounts

only 10 working days within a fortnight

minimal and preferred pause for rest

for each qualification and each kind of working shift
- guarantee atleast the presence of a minimal crew
- prefer atleast and atmost the presence of a minimal crew

Fig. 1.The constraints on a roster.

by a number. Examples:F1 represents early-morning shift variant 1,S2 is the second
variant of a late shift,N1 is a night shift. Often, longer day-turns likeT3 are used in
addition. The descriptors ‘� ’ and ‘–’ denote idle shifts whereas holidays are indicated
by UL. Shifts have three properties: Start time� , end time� , and working time� , where
the latter represents the influence of the shift on working time accounts. The used set of
working shifts varies often from hospital to hospital. Thus, the problem representation
has to be able to deal with arbitrary sets of shifts. Fig. 1 shows a portion of a schedule
to illustrate this representation.

Requirements on a roster are given as constraints which partly have a large number
of local variables. Fig. 1 indicates instances of the main classes of constraints mapping
local variables to textual descriptions of the constraints’ extensions. The full represen-
tation of realistic problems comprises 300 to more than 2000constraints. However,
these constraints are weighted instances of a rather small set of constraint types. The
following paragraphs describe these types more formally also illustrating their role in
the representation of rostering problems.

Rest times: Two consecutive shifts of the same employee have to allow a minimal
and a preferred time of rest. This demand can be ensured by twobinary constraints
between all consecutive shifts that may be implemented easily as so-calledextensional
constraints by use of propagation� . � 
 . This propagation simply receives the set of all
consistent combinations of values as a parameter. The degree of constraint violation is
defined as follows:

� . � 
 � � � � � � 
 � � 
 � � � � . � 
 � � � � � � 	

 � � � �
� � otherwise'

Hence, a tuple� complies with the constraint if it is element of the extension � of
the constraint.

The required constraints can be generated from this propagation defining parameter
� , i.e. the extension. Usually, the minimal time of rest between shifts is 11 hours. Hence,
on these constraints� comprises all pairs of shifts where the second shift starts more



than 11 hours after the first shift ends. Analogously, a preferred rest time of 16 hours
can be specified.

Working time models:So-called working time models are preferred sequences of shifts
that are stored in a database and range typically over two weeks. On the one hand, each
nurse is preferred to work according to a certain working time model. The management
of the ward assigns one working time model to each nurse in order to control which
nurses are preferred to serve night shifts and which nurses alternate between different
types of shifts. On the other hand, all working time models together represent a set of
generally preferred shift sequences that nurses are accustomed to serve. As a conse-
quence, the shift assignments to each nurse are also preferred to be consistent with an
arbitrary working time model. Working time models differ strongly from hospital to
hospital.

It is quite easy to state both demands by extensional constraints. For each nurse, con-
sistency with the assigned working time model is represented by unary extensional con-
straints for each day whose extension comprises only the shift that the assigned working
time model schedules on that day. Additionally, extensional constraints of 14 local vari-
ables have all specified working time models as extension.

Undesired sequences of shifts:There are also some sequences of shifts that shall be
generally avoided. Examples are: Too long chains of night shifts and sequences of the
form working shift, idle shift, working shift. Details on undesired sequences of shifts
also vary from hospital to hospital.

The representation of such demands requires a constraint type whose parameter
describes forbidden instead of allowed tuples of values. Let � be a function mapping�
-ary tuples to� 
 � � � with 
 , � + � where� � � � � � iff tuple � should be avoided.

Then the following degree of constraint violation states a penalty on any sequence of
tuples that� maps to 1:

� � � � � 
 � � � � � � � � 
 � � � � � � � � 	
� � 	 � � � � � � � � � � ' ' ' � � � 
 � � � � � � � �

 � otherwise'

Different � � � can now be used to specify certain sequences of shifts that have to be
avoided.

Ensure minimal crew:One of the fundamental demands on rosters is to guarantee a
minimal crew on the ward. Example: On day 5 the roster has to schedule at least�
early-morning shiftF1 or F2 to nurses 2, 4, 7, or 8 since these nurses have a special
qualification that is required at that time on the ward. The rostering system enables the
management to formulate arbitrary demands of this form. Hence, a constraint type is
needed that counts the occurrences of certain values in the assignment to variables and
compares this to a goal sum� . Let � be a function that maps shifts from the domain

�

to real numbers. Then,� and � are parameters of a propagation method	 � � � 
 � � � � 

implementing the following relation:

� � 
 � � � � 
 � � � � � � � � � � 	

 � � 
) � � � � � � � � � � �
� � otherwise'



Thus, a constraint of this type with the local variables� � � . � � � � . � � � � . � � � � . � � � � and
parameter� � � � � � � � � � � � � � represents the demand of the example, where� � � � � � � � �
is one iff � is eitherF1 or F2 and 0 otherwise.

Compensate work on weekends:Working shifts on Saturdays or Sundays need to be
compensated within a fortnight. This demand is translated into a slightly tighter con-
straint that allows only 10 days of work within a fortnight. The type of this constraint is
called� � � � � � 
 and is defined analogously to� � 
 � � � � 
 .

Prefer standard crew:The second demand on crew attendance is to prefer a standard
crew that is often larger then the minimal crew. Example: On day 5 the roster should
schedule preferably 3 early-morning shiftsF1 or F2 to nurses 2, 4, 7, or 8. This means
that also scheduling 2 early-morning shifts is preferred toscheduling only 1, etc. Prop-
agation method� � � � � . 
 is used to represent such demands. Again, parameters are a
function� and a goal sum� . Additionally, this type receives an exponent� as parameter
that will be used later on. In the meanwhile assume� � � . The following definition of� � � � � . 
 shows that this propagation implements a fuzzy relation between assignments
to the local variables:

� � � � � . 
 � � � � � � � � � � � �
		� 
 � � � 
) � � � � � � � � � � 
 		

� & � � 
 � � � � � 
 � � � � � '
Hence, the degree of constraint violation grows with the difference between goal sum�
and sum of the results of� .

A constraint of the local variables� � � . � � � � . � � � � . � � � � . � � � � can be used to rep-
resent the demand from the example. The parameter of the constraint is set to� �� � � � � � � � � � � � . In contrast to constraints of the previously described typesext, avoid,
atmost, andatleastconstraint of typeapproxare fuzzy or non-crisp constraints: Most
assignments to the local variables are neither completely satisfied nor fully violated.
A roster assigning exactly 3 of the requested shifts to the affected nurses satisfies this
constraint perfectly. Assigning only 2 of the requested shifts leads to a constraint vio-
lation of degree�� . The minimal crew — where only one of the requested shifts gets
assigned — causes a larger constraint violation of degree�

� , and so on.

Keep working time accounts in balance:Depending on time credits and working con-
tracts, each nurse has to serve a certain amount of working time. The scheduled shifts
have to approximate the available working time as well as possible. Propagation� � � � � . 

is also appropriate to this task. In contrast to the management of crew assignment, on
this demand the mapping� of shifts to working time is used as parameter� . For each
nurse� a constraint is required with� � � . ) � � � ' ' ' . ) � � � � as local variables. Parameter
� of the constraint type reflects the amount of working time that nurse� has to serve
on that month. Parameter� is set to� in order to distribute possibly necessary overtime
work on as many shoulders as possible.



2.3 Use of Constraint Weights in Semi-Automatic Rostering

The previous section described local variables, constraints, and their parameters that are
used to represent rostering problems. Furthermore, hierarchy levels and weights of the
constraints need to be defined.

Moreover, complex rostering tasks can not be solved in an off-line manner since
some demands on rosters will always be tacit, i.e. in the mindof responsible persons.
Hence, rostering systems have to enable this responsible person to intervene into the
rostering process. This section shows, that hierarchy levels and weights of the con-
straints relate closely to the organization of this dialog.

The system shall perform as follows. Once started, the system searches for a roster
that complies well with the constraints as described in the previous section according
to shifts, working time accounts, holidays, and working time models from a data base.
Provided with information on the quality of the best yet found roster, the user of the
system shall always be able to stop the search for better rosters and state new demands
as unary, extensional constraints, e.g. defining some shifts of a certain nurse. Then, the
rostering system shall be able to improve the best yet found roster respecting the newly
introduced constraints until it is stopped again or the roster is perfect. This procedure
enables the operator of the system to support the search for good rosters and to make
tacit demands on the roster explicit. The portion of a rosterin Fig. 1 is drawn from
the presentation of an imperfect roster to the operator of the system. The shaded rows
indicate days where the system yet failed to achieve a standard crew on the ward. Hence,
the operator can easily recognize deficiencies of the best available roster.

As a consequence of user dialog, hierarchy level
 of mandatory constraints only
comprises the constraints that all rosters have to satisfy when presented to the operator.
These are constraints on minimal resting times and approvedholidays.

Hierarchy level� comprises the constraints that have been generated on previous
interactions with the user. Hence, satisfying one interactively formulated constraint is
more important than satisfying the complete initial problem representation — the oper-
ator of the system may override any non-mandatory part of theinitial problem.

Hierarchy level� contains all demands on a legal roster: Minimal crew, at maxi-
mum 10 working days within a fortnight, and some mandatory bounds on the working
time accounts.

Hierarchy level 3 is about preferred resting times. Hierarchy level 4 usually prefers
the standard crew on the ward, whereas level� holds the constraints that try to keep
working time accounts in balance. Sometimes, the levels� to � are put into another
order if for instance too many time credits respectively time debts are known in advance
— in this situation the constraints on working time accountsare more important than
others.

Level � holds the constraints on working time models. The system enables nurses to
state personal preferences in advance. These preferences are then translated into unary
extensional constraints and put into hierarchy level� . However, this feature of the ros-
tering system is currently more important on selling the system than on running the
system, i.e. many hospitals want to have the opportunity to deal with personal pref-
erences of the employees but currently most of the hospitalsdo not use this feature.



Within the hierarchy levels, the weights of the constraintsare usually set to� , i.e. the
solver tries to satisfy as many demands as possible.

This section shows that representing rostering as a constraint problem leads to a
formalization that allows user interaction and supports problem reformulation on adding
new constraints. Especially hierarchy levels proved to be useful in adopting constraint
models on rostering to the current situation. Although the formal definition of HCOPs
is rather complex, users of the system gain surprisingly fast a sufficient understanding
of the semantics of hierarchy levels and constraint weights.

2.4 Comparison to Standard Constraint Logic Programming

On a first glance, especially the crisp constraint typesext, avoid, atmost, andatleast
seem to be quite similar to constraints which are provided byprogramming languages
like CHIP [6] or ECl

)
PS
 [20] from the field of constraint logic programming (CLP).

However, Section 3.2 shows that constraints of the proposedkind allows the combina-
tion of branch&bound search á la partial constraint satisfaction [9] with propagation
procedures from CLP. So, the algorithms for constraint propagation are quite similar
but, in contrast to CLP, constraint propagation does not only prune the domains of un-
labeled variables.

Moreover, non-crisp constraints like the ones of typeapproxare unknown to CLP.
Similar dependencies are represented by higher-order predicateminimize(G(X),
f(X)). This predicate allows only that substitutions to the variables inX that are min-
imal referring to the result of functionf(X) among the substitutions that satisfy the
goalsG(X). Fages presented a declarative semantics of this predicate[8] and some
examples for its non-intuitive meaning. The implementation of this constraint runs a
branch&bound search on the part of the problem as described by G(X) andf(X)
without taking any advantage from constraint propagation as described in Section 3.4
of this paper.

3 Mixed-Paradigm Search

Several search algorithms have been proposed to solve constraint optimization problems
namely iterative improvement and branch&bound search. Theiteration of user dialogue
and solving process as described in section 2.3 suggests to use an iterative repair algo-
rithm. However, as pointed out below, standard algorithms in this field exhibit some
significant drawbacks that are relevant to rostering problems. Hence, some work on
solving constraint problems in general had been necessary to implement the described
nurse rostering system. This system uses an integration of both, iterative improvement
and branch&bound.

3.1 Iterative Improvement

Fig 2 shows the structure of algorithms on iterative improvement. These algorithms
start with computing an initial assignment to all variables. Then, a loop of improvement
steps follows. The standard algorithm in this field is theMinConWalk[21] that chooses



1: compute an initial assignment� to all variables in� �
2: loop
3: set� � � � to hold a region where� possibly is suboptimal.
4: if � � � � then break, end if
5: change assignments of� to the variables in� � .
6: end loop
7: return �

Fig. 2. Structure of algorithms on iterative improvement.

in line 3 a single variable at random. The operation in line 5 depends on a so-called
walk probability� . With probability � � � , line 5 assigns an optimal value to the vari-
able in � � . In order to escape from local minimal, line 5 assigns with probability of
� a randomly chosen value. Although these algorithms have been pretty successful on
several kinds of constraint problems, they perform not too well on problems implying
constraints of many local variables that are hard to satisfy.

Consider Fig. 3 as an example. The box above (situation 1) presents a portion of a
roster comprising shifts of the nursesA andB. The area within the dotted box complies
with working time models concerning early-morning shifts.However, there is a prob-
lem with the minimal resting time for nurseA between the days 0 and 1: The morning
shift F1 starts too early after late shiftS1. The box below (situation 2) presents an
improvement to this roster: It complies with the same working time models, working
time and crew attendance is the same as in the roster above. Nevertheless, the previ-
ously violated constraint on times of rest is now satisfied. This improvement has been
achieved changing assignments to 8 variables all at once, but each change of less than 8
assignment makes the roster worse. Note that compliance with working time models,
although the corresponding constraints form a deeper part of the hierarchy, are very
important since they provide the onlysufficientconditions on acceptable sequences of
shifts (whereas constraints on number of working days and times of rest provide only
necessaryconditions). Hence, the rostering system is required to satisfy working time
models well.

Standard algorithms on iterative improvement can, in theory, deal with this situation
but the probability of finding the described improvement is very low. Typical extensions
of iterative search like tabu lists [18] fail to increase this probability significantly. Such
situations obviously require the availability of more complex improvement steps where
the assignments to more than one variable get changed. The branch&bound algorithm
is appropriate to conduct such complex improvement steps.

3.2 Extending Branch&Bound Search by Constraint Propagation

Propagation of soft constraints provides an optimistic estimate on the quality of a so-
lution that can be found in the current branch of the search tree [9]. For each labeling. � � of a variable. � � with a value� � �

, tree search algorithms with propagation
of soft constraints maintain a data structure� 	 
 � � � 
 � � . � � � � to collect a measure for the
importance of the constraints that are violated by all leaves in the current branch of the



F1

F1F1
F1 F1 F1 F1 F1

F1 F1 F1
S1nurse A

nurse B

F1 F1 F1 F1
F1 F1 F1 F1 F1S1nurse A

nurse B

working time model violated minimal resting time

situation 1

0 1 2 3 4 5 6 7day
situation 2: better than 1 on
 simultanious change of 8
 variables.

Fig. 3.Example for large bad regions caused by working time models.

search tree that label. with � . The termconstraint propagationdenotes algorithms that
detect new conflicts to be stored in� 	 
 � � � 
 � � . � � � � referring to the properties of the prop-
agated constraint and previously detected conflicts. Estimate � 	 
 � � � 
 � � . � � � � can then be
used by the A*-heuristic [15] to guide depth-first search. Additionally, adoptions of the
well-knownminimum remaining values (MRV)heuristic to constraint hierarchies are
known to improve the order of the variables in the search tree[11, 13].

This section presents a new integration of constraint propagation into branch&bound
search with two major characteristics: (1) The search algorithm is able to integrate spe-
cial algorithms for the efficient propagation of non-binaryconstraints which may have
non-crisp extensions as exemplified by constraint typeapprox. (2) The algorithm uses
fuzzy sets [23] on the set of constraints� to represent estimate� 	 
 � � � 
 � � . � � � � . These
sets map a certain degree of membership to each constraint� . During search, this de-
gree of membership corresponds with the minimal degree of violating constraint� in
the current branch of the search tree assigning� to . .

More formally: A fuzzy set on values from the crisp set� is a tuple
�
� � � � � � �

where� is a mapping from� to numbers from the interval� 
 � � � that is calledmem-
bership function. The membership function assigns a membership degree to each value
� � � where � � � � � � designates full members and� � � � � 
 characterizes non-
members of the fuzzy set

�
� . Thus, a crisp set� can be treated as a fuzzy set assigning

membership 1 to all the elements and membership 0 to all non-elements. The empty
set � is equivalent to a fuzzy set assigning only membership 0. Intersection� and
union � of fuzzy sets are defined as follows:� � � � � � � � � � � � � � � � � � � � � � � � � �
where� � � � � � � � � � � � � � � � � � � � � � � � and � � � � � � � � � � � � � � � � � � � � � � � � � � with
� � � � � � � � 
 � 
 � � � � � � � � � � � � � .

Fig. 4 presents a branch&bound algorithm that uses fuzzy sets on the constraints
� to record conflicts. Assume assignment� to label each variable in� with a value
from

�
and fuzzy set� � � � is intended to provide a measure for the conflicts of assign-

ment� . For each constraint� � � � � � � � � � � 	 � , 	 � � � � � � � is � ’s degree of violating
� . Thus,	 � � � � � � � provides a measure for� ’s conflict with constraint� that can serve
as a membership in a fuzzy set of constraints reflecting� ’s conflicts with all constraints:
� � � � � � � � � � with � � � � � � � � � � � 	 � � � 	 � � � � � � � .



Measuring conflicts in terms of fuzzy sets on constraints requires a notion of pref-
erence that complies with the preference among assignments. Thus, the preference or-
dering� of Section 2.1 needs to be lifted to fuzzy sets of constraintsin such a way that
for all assignments� � and � � of domain values to variables,� � � � � is equivalent
to � � � � � � � � � � � . Again, a

� )
is defined to sum up the weights in hierarchy level� :� ) � � � � � � � � � � � $ % � � & � � � � with � � � � � � � � � � � 	 � . This sum of weights within a

hierarchy level is used to lift the preference ordering on two fuzzy sets of constraints�
� � and

�
� � as follows:

�
� � �

�
� � � � � � � 	 � �

� � � ( 
 � � 	 � �
� � � � 
 � �

� � � 	 � �
� � � � � 	 � �

� � � � 
 	 �� 	 � ( 
 � � ) � �
� � � ( � ) � �

� � � 	 �� 
 * � � + * , � � � - � �
� � � � � - � �

� � � 	 � '
The proposed version of the branch&bound as presented in Fig. 4 exploits three

advantages of fuzzy sets of this kind as representation of detected conflicts:

1. Assume that the two fuzzy sets on constraints
��
� and

��
� hold conflicts of a certain

assignment with the constraints. Then,
��
� �

��
� holds also valid conflicts of this

assignment, since fuzzy set union simply collects the largest degrees of constraint
violation that have been proven previously and stored either in

��
� or in

��
� .

2. Additionally, fuzzy set union is an idempotent operation, i.e.
�� �

�� � ��
for any fuzzy

set of conflicts
��
. This means that conflicts are counted only once even if they have

been added twice or more.
3. Assume, that assignment� is the best currently known solution to the problem and

fuzzy set
��

comprises conflicts of the currently explored partial assignment. Then,�� � � � � � may serve as a bound, i.e. the algorithm can backtrack without loosing
solutions better than� as soon as

��
�

��
holds true.

Algorithm BB-SEARCH conducts a depth-first tree search of the branch in the
search tree that is described by partial assignment� , where distance

��
is a fuzzy set

of constraints comprising the previously detected conflicts of � and � � 
 � is the
set of variables that shall be labeled by the algorithm.� is the best yet found solution
and bound

��
contains the conflicts of this solution. The algorithm results into the best

assignment� to the variables in� � according to preference ordering� or, equivalently,
the least important conflicts� � � � .

Function BB-START simply starts BB-SEARCH with initial arguments:� , � , and
distance

��
are empty. Bound

��
has a maximal value. All variables shall be labeled.

Array � 	 
 � � � 
 � holds the empty set for each labeling since constraint propagation has
not yet proven any conflict. So, let us go back to BB-SEARCH.

Line 1 returns� if the distance
��

is not better than bound
��
, i.e. the currently ex-

plored branch of the search tree does not contain any assignment that is better than� .
Line 2 says that otherwise the currently explored assignment � is an improvement of�
if all variables are labeled by� . Thus,� is a new solution. Line 3 performs an update
of the � 	 
 � � � 
 � . This is necessary because

��
and the entries of� 	 
 � � � 
 � both hold valid



BB-START � � � � � � �
1: Store problem variables� , domain� , and constraints� as global variables.
2: Generate a 2-dimensional array� � � � 	 � 
 � � � 
 � � 
 and initialize each entry with the empty set.
3: return BB-SEARCH � � � � � � � � � � � � � 	 � 
 � � � � .

BB-SEARCH � � � �� � � � �� � � � � � 	 � 
 � � � � �
1: if �� �� �� then return � � � �� �

end if.
2: if � � � � then return � � � �� �

end if.
3: for all � � � � and� � � do � � � � 	 � 
 � � � 
 � � 
 � � � � � 	 � 
 � � � 
 � � 
 � �� . end for
4: Choose a variable� � � � according to a specialized MRV heuristic.
5: Copy the� � � � 	 � 
 � � � 
 to the new array� � � � 	 � 
 � � .
6: for all � � � with � � � � 	 � 
 � � � 
 � � 
 �� �� choosing� ’s with smaller conflicts firstdo
7: for all � � � � with � � �� � do � � � � 	 � 
 � � � 
 � � 
 � � . end for
8: for all � � � � � � � � � � �  � � � where� is a local variabledo
9: Update� � � � 	 � 
 � according to propagation of� with an algorithm corresponding with

 with the arguments� � � � � �� � � � � � � � 	 � 
 � � � .
10: end for
11: if for all variables� � there is a� � � � with �� � � � � � 	 � 
 � � � � 
 � � � 
 then
12: � � � �� � � BB-SEARCH� � � �� � � ! " � � � # � � � � � 	 � 
 � � � 
 � � 
 � � � � � 	 � 
 � � � � $ " � # � .
13: if �� � � then return � � � � �

, end if.
14: end if
15: � � � � 	 � 
 � � � 
 � � � � � 	 � 
 � � .
16: end for
17: return � � � �� �

.

Fig. 4.Branch&bound for solving HCOPs.

conflicts and from here on� 	 
 � � � 
 � � . � � � � is required to hold all known conflicts that
result from adding assignment. � � to � . These conflicts are typically needed by
the heuristics for dynamic variable reordering in line 4 that determine which variable to
label next. Heuristicminimal remaining values (MRV)[2] (that is sometimes calledfirst
fail) is one of the most successful heuristics that is applicablehere. It chooses the vari-
able where the number of values which are not proven to be inconsistent with mandatory
constraints is as small as possible2. In this implementation this is the variable. where a
minimal number of values� do not have a mandatory constraint in� 	 
 � � � 
 � � . � � � � with
a membership larger 0.

Branching is done in the loop running over the lines 6 to 15. Note, that� 	 
 � � � 
 � � . � � � �
now holds all conflicts which are known to result from assigning � to . . Solutions to the
problem are required to be better than bound

��
. Only that values with smaller conflicts

areadmissible, i.e. need to be considered for branching. Additionally,� 	 
 � � � 
 � � . � � � �
allows to follow the A*-heuristic [15]: Try the assignmentswith the least important
conflicts first.

Line 7 simulates assigning value� to variable. . All other values are marked with a
maximal set of conflicts. After selecting value� for variable. , BB-SEARCH conducts

2 Refer to [11, 13] for extensions of this heuristic that consider the complete constraint hierarchy.



an extended forward checkingof soft constraints calling propagation methods. This
procedure is related toforward checkingon soft constraints [9], but this algorithm calls
propagation without regarding the number of variables thathave not yet been labeled.

Propagation of constraint� � � � � � � � � � � 	 � adds� with a certain membership to
the � 	 
 � � � 
 � of the local variables. The membership of constraint� in � 	 
 � � � 
 � � . � � � �
is intended to be an estimate of the effect of adding. � � to the currently explored
partial assignment� . The rostering system uses a propagation rule for inferringthis
membership that allows the application of algorithms whichare similar to the ones
that are used in CLP3. The concrete algorithm is chosen according to the constraint
type	 , but all these procedures obey the same specification. Propagation of � looks for
the smallest degree of violating� that is caused by assignments to the local variables
of constraint� that exclusively consideradmissiblelabelings. More formally, assume
that propagation of� has to determine� ’s new membership to� 	 
 � � � 
 � � . � � � � where. � � � � � . � 
 is the set of vectors representing assignments to the� local variables
of � . Now, filter out any vector� with � � � � �� � . These vectors represent assignments
to the local variables that are not relevant to labeling. � � . Furthermore, prune all
vectors� concerning a non-admissible labeling — there is a* with � + * + � and
� 	 
 � � � 
 � � � � * � � � � � * � � �

��
. These assignments consider labelings that cause too many

conflicts in order to be part of any solution. Let� denote the remainder. Then,� �
� � � � 	 � � � � � � � � � � is the minimal degree of violating� that is a consequence of
assigning� to . . So,� is added with this membership to� 	 
 � � � 
 � � . � � � � .

Constraint propagation adds stronger memberships to the� 	 
 � � � 
 � . This may lead
to the case that for some labelings. � � � � , � 	 
 � � � 
 � � . � � � � � � becomes larger than bound��

. As a consequence, search in deeper branches of the search tree will ignore this label-
ing since it is not admissible. Line 11 tests for the case thata variable. � does not have
any admissible labelings. In this case, there is no need to explore the current branch of
the search tree because it does not comprise improvements to� .

Otherwise, branching is done in line 12 by a recursive call ofBB-SEARCH where
� is extended by the new labeling,

��
is replaced by the conflicts caused by the new

labeling and. is removed from the variables to be labeled. Note, that the presentation
of Fig. 4 assumes a call by value that copies the arguments. Thus, the recursive call of
BB-SEARCH returns the best labeling that has been found in the deeper branches of
the search tree without touching the current data on conflicts. This can be considered
as an implementation of the backmarking strategy [9, 10]. Finally, line 15 undoes the
selection of� in . .

3.3 A Very Small Example

Reconsider the small example of Fig. 3. This problem concerns two nurses on 8 days
and, consequently, 16 variables. The representation as described in Section 2.2 requires
more than 80 constraints. To cut a long story short, this section only refers to the con-
straints on minimal pause of rest, some constraints on working time models, and 7
constraints� 
 � � � � 
 � to � 
 � � � � 
 � enforcing at least one morning shiftF1 on each of

3 The propagation rule of the max-min-algorithm [17] does unfortunately not comply with al-
gorithms for constraint propagation from CLP [13].



Start 1: � � � � � � �
2: � � � � � � 3: � � � � � � �

. . . situation 2
in Fig. 3.

4: � � � � � � �

Fig. 5.A possible search tree for the example of Fig. 3.

the days 1 to 7. Let. 	 � �
denote the constraint variable for the shift of nurse A on

day 3. For each pair of variables. 
 � ) � . 
 � ) � � concerning consecutive shifts of the same
nurse� , a constraint� � 
 � � 
 � )

allows the assignment of
� � � � � � � , � � � � � � � , � � � � � � � ,

or all combinations with the idle shift–. Two constraints� � 	 � 	 and � � 	 � � affecting
the variables. 	 � � � ' ' ' � . 	 � � and . � � � � ' ' ' � . � � � respectively both allow the following
two sequences of shifts:

� � � � � � � � � � � � � � � � � � � � and
� � � � � � � � � � � � � � � � � � � � . Fur-

thermore, assume that. 	 � 	 and . � � 	 hold the carry-over from the previous plan. So,. 	 � 	 � � �
and . � � 	 � � is fixed by mandatory hard constraints.

Fig. 5 sketches the search tree of this problem. After addinglabeling 1 assigning� �

to . 	 � 	 , propagation of� � 
 � � 	 � 	 adds� � 
 � � 	 � 	 as a full member to� 	 
 � � � 
 � � . 	 � � � � � � � .
The entries� 	 
 � � � 
 � � . 	 � � � � � � � and � 	 
 � � � 
 � � . 	 � � � � � � remain empty. Labeling 2 adds
� 
 � � � � 
 � as a full member to� 	 
 � � � 
 � � . � � � � � � � and � 	 
 � � � 
 � � . � � � � � � � � , since assign-
ing

� �
to . � � � is the only admissible opportunity to satisfy this constraint. Additionally,

constraint� � 	 � 	 is added as full member to the conflicts of all labelings concerning
shifts of nurse A that do not comply with sequence

� � � � � � � � � � � � � � � � � � � � . Variable. � � � has the smallest domain, now. Labeling 3 is the best alternative here. Propaga-
tion of � � 	 � � adds a conflict to all labelings concerning shifts of nurse B that do
not comply with sequence

� � � � � � � � � � � � � � � � � � � � . At this point, the labelings with
empty entries in array� 	 
 � � � 
 � characterize exactly“situation 2” in Fig. 3. So, search
proceeds quickly to this solution that does not exhibit any conflict. A solution without
conflicts is always optimal so line 13 of algorithm BB-SEARCH terminates search im-
mediately. However, proving optimality of a known solutionis often harder than finding
it. In order to investigate the benefits of backmarking in proving optimality, assume that
line 13 has been missed in algorithm BB-SEARCH.

Finding a solution lowers bound
��

and turns all labelings with larger conflicts into
non-admissible ones. Consequently, all variables except. 	 � � have only one admissi-
ble label — the one that is concerned by the solution. Remember, that the backmarking
strategy records all inferred conflicts. Thus, backtracking is done without any constraint
propagation until changing the label of. 	 � � . Here, labeling 4 is the only admissible
alternative. However, propagation of� � 	 � 	 reveals that this constraint cannot be sat-
isfied since� �

is not concerned by any working time model. As a consequence,propa-
gation of � � 	 � 	 adds this constraint to any entry in� 	 
 � � � 
 � referring to a labeling of
one of � � 	 � 	 ’s local variables turning these labelings into non-admissible ones. This
is a reason for an immediate backtracking — the whole search tree has been traversed.



ATLEAST � � � � � �� � � � � � � � � � � � � � � � �
1: Initialize each entry of�� � 	 � � � � 
 with 
 where� is the number of entries in� .
2: �� � � 
 .
3: for all � � " 	 � � � � # do
4: for all � � � with �� � � � � � 	 � 
 � � � � � 
 
 � � 
 do
5: if � � � � � �� � � 
 then �� � � 
 � � � � � end if
6: �� 
 � �� 
 � �� � � 
 .
7: end for
8: end for
9: for all � � " 	 � � � � # do

10: for all � � � with �� � � � � � 	 � 
 � � � � � 
 
 � � 
 do
11: if � � � � � �� 
 � �� � � 
 � � then
12: � � � � 	 � 
 � � � � � 
 
 � � 
 � � � � � 	 � 
 � � � � � 
 
 � � 
 � � 	 � " � # � �
13: end if
14: end for
15: end for
16: return � � � � 	 � 
 � .

Fig. 6.Propagating� � � � � � � � constraints.

3.4 How to Propagate Soft Constraints

The above-mentioned extension of branch&bound search by constraint propagation pre-
sented a specification of the propagation rule but neglectedthe issue of implementation.
Most of the literature on constraint processing is on binaryconstraint that can be propa-
gated efficiently enumerating all assignments to the local variables. However, rostering
applications exhibit constraints that affect a large number of local variables. These con-
straints require, thus, special purpose algorithms for propagation. This section presents
two examples.

The � � 
 � � � � 
 constraint has been invented in section 2.2 to formalize least require-
ments on the presence of the crew. It is similar to the one-dimensional cardinality con-
straints which are provided by many CLP languages. Beside the important role of this
constraint in the nurse rostering domain, it is cited here todemonstrate how to use
propagation methods from CLP to derive soft conflicts.

Remember:� � � � defines a weight for each value� � �
. Within each complying

assignment to the local variables of� � 
 � � � � 
 -constraint� , the sum of these weights has
to be larger than or equal to the goal sum� . Propagating� � 
 � � � � 
 -constraints means:
Look for values� where� � � � is too small in order to allow satisfaction of the constraint.
Fig. 6 presents an implementation of a corresponding propagation method. The lines 1
to 8 determine for each local variable� � � � of the constraint the largest� � & � of admissible
values. Additionally, the sum of these largest weights is stored. This information is used
in line 11 to determine whether constraint� can be satisfied assigning a certain value
to a certain local variable. This constraint is crisp since it is either satisfied or violated.
The next example is on the propagation of fuzzy constraints.



APPROX � � � � � �� � � � � � � � � � � � � � � � � � �
1: Initialize each entry of�� � 	 � � � � 
 with 
 and �� � 	 � � � � 
 with � 	 .
2: �� � � 
 . �� 
 � 
 .
3: for all � � " 	 � � � � # do
4: for all � � � with �� � � � � � 	 � 
 � � � � � 
 
 � � 
 do
5: if � � � � � �� � � 
 then �� � � 
 � � � � � end if
6: if �� � � 
 � � 	 � �� � � 
 � � � � � then �� � � 
 � � � � � end if
7: �� 
 � �� 
 � �� � � 
 . �� 
 � �� 
 � �� � � 
 .
8: end for
9: end for

10: for all � � " 	 � � � � # do
11: for all � � � with �� � � � � � 	 � 
 � � � � � 
 
 � � 
 do
12: if � � � � � �� 
 � �� � � 
 � � then

13: � � � � 	 � 
 � � � � � 
 
 � � 
 � � � � � 	 � 
 � � � � � 
 
 � � 
 �
� � � � � � � �� � 	 �� 
 � � � 
 	 � 
� � � � � � � � � 
 � � � � � � " � # � �

14: else if � � � � � �� 
 � �� � � 
 � � then

15: � � � � 	 � 
 � � � � � 
 
 � � 
 � � � � � 	 � 
 � � � � � 
 
 � � 
 �
� � 
 	 � � � � � � �� � 	 �� 
 � � � 
� � � � � � � � 
 � � � � � � " � # � �

16: end if
17: end for
18: end for
19: return � � � � 	 � 
 � .

Fig. 7. Propagating� � � � � � � constraints.

Fig. 7 shows the propagation of� � � � � . 
 -constraints. As section 2.2 mentioned, a
tuple � violates such constraints with a degree growing with�� � � 
) � � � � � � � � � � �. Ad-
ditionally, an exponent� may specify that the geometric distance is used instead of the
arithmetic distance. Propagation of these constraints starts with finding for each vari-
able� � � � the maximal weight�� � � � and the minimal weight�� � � � of an admissible value.
Additionally, the sum of the maximal and minimal weights gets stored. This information
is used in the lines 10 to 18 to decide for each admissible assignment to a local variable,
whether goal� can still be reached. If the sum of weights of assigned valueswill be
too small, then the degree of constraint violation is determined due to�� (line 13). Oth-
erwise, the minimal weights�� are used to determine the degree of constraint violation
(line 15).

The effort for propagating both constraints grows only linear with the number of
local variables� . Hence, these propagation methods are also appropriate to constraints
affecting many local variables as they appear in rostering problems.

3.5 Branch&Bound as Improvement Step

The previous section stressed that both, iterative search and branch&bound, have
their advantages and drawbacks. An integration of both algorithms according to Fig. 8
can inherit the advantages of both search paradigms. The basic idea of this algorithm
is to follow the main procedure in iterative algorithms but enable more complex im-
provement steps by use of the branch&bound. Hence, Fig. 8 details the algorithm of



ITERATIVESEARCH� � � � � � �
1: �� � � . � � � .
2: Set initial solution� according to the working time models that have been assignedto each

employee by the management.
3: Generate� � � � 	 � 
 � � � 
 � � 
 with � � � � 	 � 
 � � � 
 � � 
 � � forall � � � and� � � .
4: loop
5: � � � CHOOSEBADREGION� � � � � � � � � �� � .
6: if � � � � then break, end if
7: �� � �� . Load� with all labelings in� that do not affect variables in� � .
8: for all � � � � � � � � do set � � � � 	 � 
 � � � 
 � � 
 to the empty set if� assigns� to � and to�

otherwise.end for.
9: for all � � � with � has a local variable in� � do

10: �� � �� � � � $ " � # . Set � � � � 	 � 
 � due to propagation of� .
11: end for
12: � � � �� � � BB-SEARCH� � � �� � � � �� � � � � � 	 � 
 � � � � � .
13: end loop
14: return � � � �� �

Fig. 8. Iterative repair using branch&bound and constraint propagation.

Fig. 2: The initial assignment to the variables is generatedin the line 2 according to the
working time models that have been assigned to the employees(refer to Section 2.2).

The loop of improvement steps ranges over the lines 4 to line 13. A function CHOOSE-
BADREGION is assumed to point at a region� � 
 � in the current solution� where
changes in the current assignments are likely to result intoan improved solution. The
algorithm terminates in line 6 if this procedure can not find any region in the solution
that is suboptimal. Otherwise, the branch&bound is called to find an optimal assignment
to the variables in� � . Therefore, the distance is initialized to comprise all conflicts of
the persistent assignments in� to the variables in�

�
� � . Additionally, � 	 
 � � � 
 � is

initialized to hold all conflicts between variables in� � with the persistent assignments
to the variables in�

�
� � . After these preparation, the call of BB-SEARCH in line 12

is able to find improvements to the variables in� � if this is possible.
This procedure may be stopped after each improvement step byuser input. Hence,

this algorithm supports user interaction as described in section 2.3. Moreover, improve-
ment steps are in contrast to standard algorithms not restricted to affect only the as-
signment to one variable — assignments to many variables mayget changed depending
on the output of function CHOOSEBADREGION. However, the implementation of this
function is the main problem of this approach. As the next section shows, theORBIS
Dienstplansystem uses heuristics for this purpose which base upon somegeneral as-
sumptions on characteristics of rostering problems.

4 How to Find Bad Regions in a Roster

The currently availableORBIS Dienstplansystem uses heuristics to detect the shift as-
signments in a roster that are responsible for deficiencies.The implementation of these



Fig. 9. Initial (above) and improved (below) roster.

heuristics is provided by the function CHOOSEBADREGION that is used in algorithm
ITERATIVESEARCH. This section provides a description of the heuristic to achieve the
minimal and preferred crew on the ward in order to illustratethis procedure. This heuris-
tic is called whenever a constraint on crew attendance is more or less violated.

Fig. 9 presents (intermediate) results of theORBIS Dienstplansystem to a small
sample problem that considers 6 nurses (186 variables and about 600 constraints). The
roster above represents the initial assignment of shifts before any step of repair. The
roster below is an acceptable solution which has been computed conducting several
repair steps. Light shadings represent suboptimal but acceptable deficiencies in crew
attendance. Dark shadings represent unacceptable deficiencies in crew attendance.

First of all, consider the problem on Sunday the 17th where anearly-morning shift
(F1) is missing and two late shifts (S1) have been scheduled but we prefer to have only
one on that day. On such easy problems, changing only a singleassignment of a shift
suffices to achieve an improvement: Assigning an early-morning shift instead of a late
shift to Bettina Schmidt on that day satisfies both previously violated constraints.

On Sunday the 10th, the schedule exhibits a worse problem — again an early-
morning shift is missing. In such situations, at least two assignments of shifts have to
be changed: A currently idle person has to serve an early-morning shift on Sunday the
10th and this additional working time has to be compensated on another day because
of working time restrictions. Procedure CHOOSEBADREGION recognizes that one of
the idle persons Hübner, Müller, or Schmidt is required toserve an additional shift. To
achieve this, CHOOSEBADREGION looks for days when one of these persons is surplus
and stores the corresponding variables in a pool — this pool may also be filled by some
other heuristics. Finally, CHOOSEBADREGION makes random choices from this pool
and returns the resulting set of variables as a description of the next step of repair. In this
example, taking the variable referring to Günther Hübneron Friday the 1st enables the
system to compensate an additional early-morning shift of Günther Hübner on Sunday



the 17th. Often, only a very few number of opportunities is available to cope with such
situations.

The lower roster in Fig. 9 shows the result of such repair steps that is available in
about one minute. On larger problems, finding first solutionsthat satisfy the constraints
on minimal crew attendance without exceeding the working time may take about five
minutes. Running times of more than half an hour have been reported on problems with
inappropriate assignments of working time models.

5 Conclusion

Based on experiences with theORBIS Dienstplansystem [12] — a nurse rostering
system that is already used in many German hospitals — this paper describes how con-
straint processing can be used to implement automatic rostering systems that can be
flexibly adopted to different situations at different hospitals. In practice, the current for-
malization of the rostering problem is still not complex enough to enable fully automatic
planning procedures. Thus, complexity of the problem representation can be expected
to grow in the future. Additionally, nurse rostering problems have many varying param-
eters: Working time accounts, demands on crew attendance, set of used shifts, working
time models. Hence, rostering requires both, a flexible formalism for representing the
currently known and future variants of the problem, and a robust search procedure that
is able to cope with quite different problem instances and that allows the responsible
managers to intervene into the planning process. This papershows that constraint rea-
soning meets all these demands if the state of the art is extended in several directions.

The paper introduces a new notion of fuzzy or non-crisp constraints — constraints
that may be partially violated and partially satisfied — inhierarchical constraint opti-
mization problems (HCOP)to improve problem representation and problem solving. In
contrast to standard formalisms of fuzzy constraints [17, 7] that sum up degrees of con-
straint violation taking the minimum or maximum, the formalism as introduced in this
paper uses more flexible operations to combine different constraints. As a consequence,
the well known branch&bound has been extended to detect conflicts with fuzzy con-
straints by constraint propagation. Of course, the proposed framework relates to other
formalizations of soft constraints like for instancevalued constraint satisfaction (VCSP)
[3,16], especially lexicographic VCSP. However, the framework of Section 2.1 uses
fuzzy sets of constraints as a valuation structure that is idempotent but not totally or-
dered and this framework is able to borrow algorithms for thepropagation of non-binary
constraints fromconstraint logic programming (CLP). VCSP neglects the advantages
of specialized algorithms for constraint propagation [13]. Lexicographic VCSP can be
translated into HCOPs with binary constraints of typeext that all have the same weight.

In combination with new extensions of generic search algorithms, this framework
forms the basis of a nurse rostering system that differs in mainly two points from other
constraint-based prototypes on this application [1, 22]:

– Fuzzy constraints allow the integration of very fine-grained optimization tasks.
Such constraints have been used to optimize the amount of working time and the



presence on the ward. In contrast, traditional frameworks for constraint process-
ing in nurse rostering consider only crisp constraints which are either completely
violated or satisfied.

– The traditional constraint-based approach for solving optimization tasks is to use
an extension of the branch&bound. Unfortunately, performance of tree search al-
gorithms is very sensitive to even minor changes in the problem representation. For
instance INTERDIP [1] tries to overcome this problem by use of highly developed
heuristics on problem decomposition. Unfortunately, these heuristics rely on prop-
erties of the available working shifts which are, in practice, parameters of the prob-
lem that vary from hospital to hospital. In contrast,ORBIS Dienstplanintegrates the
branch&bound into search by iterative improvements. The branch&bound is used
to enable the optimization of more than one variable assignment within one im-
provement step. The resulting search algorithm converges quickly on good rosters
and, additionally, enables a more natural integration of user interactions.

Unfortunately, the ability to deal with complex improvement steps affecting more than
one variable increases the number of applicable improvement steps compared to stan-
dard local search where only a single value assignment gets changed within each step
of repair. Therefore, section 4 illustrates a heuristic that is very successful in finding the
reason for deficiencies of the best yet found roster. Such heuristics are able to guide the
proposed local search effectively.
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